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Abstract
The non-perturbative superpotential generated by a heterotic superstring wrapped
once around a genus-zero holomorphic curve is proportional to the Pfaffian involving
the determinant of a Dirac operator on this curve. We show that the space of zero
modes of this Dirac operator is the kernel of a linear mapping that is dependent on
the associated vector bundle moduli. By explicitly computing the determinant of this
map, one can deduce whether or not the dimension of the space of zero modes vanishes.
It is shown that this information is sufficient to completely determine the Pfaffian and,
hence, the non-perturbative superpotential as explicit holomorphic functions of the
vector bundle moduli. This method is illustrated by a number of non-trivial examples.
1 Introduction:
The non-perturbative superpotentials for the moduli of superstrings and M-theory have
been calculated using string worldsheet conformal field theory [1, 2] and, alternatively, by
considering the contributions to the partition function of strings wrapped on holomorphic
curves z in the compactification space [3, 4]. This latter approach has been used to compute
non-perturbative superpotentials in both weakly [5] and strongly [6, 7] coupled heterotic
superstring theories on a Calabi-Yau threefold, as well as in other theories [8, 9]. The
superpotentials in heterotic string theory were found to be proportional to a factor involving
the Wess-Zumino-Witten term, which couples the superstring to the background SO(32) and
E8 × E8 gauge bundle V [5, 6, 7]. Assuming a mild condition on the structure group, this
factor can be shown to be the Pfaffian of a chiral Dirac operator twisted by the restriction,
V |z, of the gauge bundle to the holomorphic curve. In [5], it was shown that this Pfaffian and,
hence, the superpotential will vanish if and only if V |z is non-trivial. Furthermore, it is clear
that the Pfaffian must be a holomorphic function of gauge bundle moduli associated with
V |z. However, until recently, neither the vanishing locus of the Pfaffian in vector bundle
moduli space nor its explicit dependence on these moduli was known. This was rectified
in [10], where we provided solutions to both of these problems within the framework of
weakly and strongly coupled E8×E8 theories compactified on elliptically fibered Calabi-Yau
threefolds. In [10], we emphasized concepts, and did not discuss details of the requisite
mathematics. Furthermore, we applied our method to a single, non-trivial example. It is
the purpose of this paper to greately expand on the content of [10]. We will present the
complete mathematical structure and then, using this structure, compute many examples of
non-perturbative superpotentials.
Specifically, in this paper we do the following. In Section 2, we review the computation
of non-perturbative superpotentials in both weakly and strongly coupled heterotic string
theory following the approach in [3, 4]. The superpotentials are shown to be proportional
to the Pfaffian of a chiral Dirac operator, D−, twisted by the vector bundle restricted to the
holomorphic curve on which the string is wrapped. In this paper, we will compute Pfaff(D−)
algebraically. However, in Appendix A, an alternative form for the Pfaffian, written in terms
of an explicit gauge one-form solution of the Hermitian Yang-Mills equations is derived.
We discuss how non-perturbative superpotentials might be computed using this formalism.
In Section 3, the moduli of stable, SU(n) holomorphic vector bundles, V , over elliptically
fibered Calabi-Yau threefolds, X , are enumerated and their properties are briefly discussed.
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Relevant information about such threefolds, and the construction of holomorphic vector
bundles from spectral data is presented in Appendix B. We then derive an explicit formula
for the number of vector bundle moduli when the base space of X is any Hirzebruch surface,
that is, B = Fr. These results were previously obtained in [11]. Next, a holomorphic curve z
is specified and the restriction of the vector bundle to the surface π∗z ⊂ X is discussed. We
describe and enumerate the moduli associated with V |pi∗z, giving an explicit formula for the
number of such moduli when B = Fr and z = S. Throughout this paper, when specificity
is required, we will restrict r = 0, 1, 2. The global structure of the moduli space is also
discussed. The first part of Section 4 is devoted to presenting these restricted bundle moduli
from the point of view of the curve z. It is shown that these moduli appear as sections of a
specific rank n vector bundle over z. This requires expressions for the image on z of certain
line bundles on π∗z. These expressions are derived in Appendix C. In the second part of this
section, we compute the restriction of V to z and show that it is the image of the spectral
data line bundle. Thus, on curve z, we completely categorize V |z and the associated moduli.
The main results of this paper are calculated in Sections 5 and 6. In Section 5, we first
discuss Pfaff(D−) and show that it will vanish if and only if the dimension of the space of
holomorphic sections h0(z, V |z ⊗S−), where S− is the negative chirality spin bundle on z, is
non-zero. It is then demonstrated that h0(z, V |z⊗S−) will be non-zero, for all vector bundle
moduli, for a specific set of vector bundles. We then present large classes of theories with
z = S in which, generically, h0(z, V |z ⊗ S−) can vanish over a subset of moduli space. In
these examples, the associated cohomology class H0(z, V |z ⊗ S−) is contained in an exact
sequence of the form
0→ H0(z, V |z ⊗ S−)→ W1 f→W2 → . . . . (1.1)
Here, W1 and W2 are linear spaces of identical finite dimension and, hence, linear map f
can be represented by a square matrix. Furthermore, f is an explicit function of the vector
bundle moduli associated with V |z. It follows that h0(z, V |z ⊗ S−) will be non-zero if and
only if the determinant of f vanishes. Thus, the Pfaffian and, hence, the superpotential will
vanish if and only if detf = 0. In Section 6, we compute the matrix f and its determinant
for a number of explicit examples, all, for simplicity, with B = Fr, z = S and structure
group G = SU(3). To begin, we present an example of the type where, although matrix f
is non-trivial, detf vanishes for all values of the vector bundle moduli. Therefore, for this
example, Pfaff(D−) and the superpotential always vanish. However, we then present three
explicit examples where detf are explicit, non-zero functions of the vector bundle moduli.
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In one example, a polynomial appearing as a factor in detf is very lengthy and, hence,
is presented in Appendix D. In these examples detf may vanish, but only on a divisor of
the moduli space. Using detf , one can, in each case, explicitly compute the zero locus of
the Pfaffian. Away from the zero locus, Pfaff(D−) and, hence, the superpotential are non-
vanishing. Finally, in Section 7, we show how the Pfaffian can be explicitly computed from
the knowledge of its zero locus. We find that Pfaff(D−) ∝ detf and, therefore, that the
non-perturbative superpotential W satisfies W ∝ detf . Since detf was explicitly computed
as a function of the associated vector bundle moduli in Section 6, we have determined the
vector bundle moduli contribution to the superpotential.
Although at first sight rather complicated to derive, the superpotential for vector bundle
moduli potentially has a number of important physical applications. To begin with, it
is essential to the study of the stability of the vacuum structure [12, 13] of both weakly
coupled heterotic string theory and heterotic M-theory [14, 15, 16, 17, 18, 19, 20, 21].
Furthermore, in both theories it allows, for the first time, a discussion of the dynamics of the
gauge bundles. For example, in heteroticM-theory one can determine if a bundle is stable or
whether it decays, via a small instanton transition [22], into five-branes. In recent years, there
has been considerable research into the cosmology of superstrings and heterotic M-theory
[23, 24, 25]. In particular, a completely new approach to early universe cosmology, Ekpyrotic
theory [26, 27, 28, 29, 30], has been introduced within the context of brane universe theories.
The vector bundle superpotentials discussed in this paper and [10] allow one to study the
dynamics of the small instanton phase transitions that occur when a five-brane [26, 27] or
an ”end-of-the-world” orbifold plane [28, 29, 30] collides with our observable brane, thus
producing the Big Bang. These physical applications will be discussed elsewhere.
2 Non-Perturbative Superpotentials:
Let us consider the long wavelength limit of E8×E8 heterotic superstring theory compactified
on a Calabi-Yau threefold, X . This four-dimensional, N = 1 supersymmetric effective theory
contains a number of chiral supermultiplets, some charged with respect to the low-energy
gauge group and some uncharged. Of the uncharged supermultiplets, a subset corresponds
to the moduli of the compactification. In heterotic string theory, these moduli break into two
types, Calabi-Yau moduli corresponding to the Kahler and complex structure deformations
of X and the vector bundle moduli. These latter fields are associated with the integration
constants in the vacuum solutions of the Hermitian Yang-Mills equations for the gauge
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connection on a fixed X . Here, we will simply denote any N = 1 chiral moduli superfield by
(Y I
′
, λI
′
), (2.1)
where Y I
′
is the complex scalar and λI
′
is its spin 1
2
superpartner. The index I ′ runs over all
Calabi-Yau and vector bundle moduli. No matter what their origin, the dynamics of these
moduli is given by a Lagrangian of the form
L4D = KI′J¯ ′∂uY I′∂uY¯ J¯ ′ + eκ2pK
(
KI
′J¯ ′DI′WD¯J¯ ′W¯ − 3κ2p|W |2
)
+KI′J¯ ′λ
I′/∂λ¯J¯
′ − e
κ2pK
2 (DI′DJ ′W )λ
I′λJ
′
+ h.c. + . . . (2.2)
Here κ2p is the four-dimensional Newton’s constant,
KI′J¯ ′ = ∂I′∂J¯ ′K (2.3)
are the Kahler metric and the Kahler potential respectively, and
DI′W = ∂I′W + κ
2
p
∂K
∂Y I′
W (2.4)
is the Kahler covariant derivative acting on the superpotential W . A priori, both K and W
are arbitrary. However, since the supermultiplets (Y I
′
, λI
′
) correspond to the moduli of the
compactification of the heterotic string on X , one must have
W = 0. (2.5)
The moduli Kahler potential, on the other hand, is non-trivial and can have a complicated
functional structure on Y I
′
. Fortunately, we do not need to know the explicit form of K in
this paper.
Both perturbative and non-perturbative quantum processes can, in principle, induce a
non-vanishing superpotential for the moduli fields. However, it is well known that perturba-
tive radiative corrections to the superpotential vanish. However, non-zero corrections to W
can be generated by non-perturbative processes involving superstring instantons. Following
the approach of [3, 4], we will calculate the non-perturbative superpotential by computing
instanton induced fermion bilinear interactions and then comparing these to the fermion
bilinear terms in (2.2). In this paper, the instanton contribution arises from a heterotic
superstring wrapped once around a holomorphic curve z ⊂ X . In order to isolate the vector
bundle moduli contribution to the superpotential, the main objective of this paper, we find
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it expedient to calculate the two point functions of fermions associated with the Calabi-Yau
moduli. Denote these moduli superfields by
(T I , λIT ), (2.6)
where index I runs over Calabi-Yau moduli only. Then the two-point function of fermions
λIT and λ
J
T , located at positions y1 and y2, is given by the path integral expression
< λI(y1)λ
J(y2) > ∝
∫
Dλe−
∫
d4y
∑
K λ
K/∂λKλI(y1)λ
J(y2)∫
DZDge−Sz(Z,g;EAM,BMN,φ,AM), (2.7)
where here, and henceforth, we drop the subscript T in λIT . Z and g are the worldsheet fields
on the heterotic superstrings, with
Z = (X,Θ) (2.8)
being the boson and fermion coordinates of the target superspace respectively, and g being
the map from z to the gauge group. In addition, EA
M
,BMN, φ and AM are the background
superfield vielbein, two-form, dilaton and supergauge connection in which the superstring
propagates. Sz is the heterotic string action. The result of this calculation is then compared
to the term in (2.2) proportional to (DIDJW )λ
IλJ , and the non-perturbative contribution
to W extracted. Note that W is non-perturbative from the point of view of the string
worldsheet theory and, hence, must be proportional to e−
1
α′ , where α′ is the worldsheet
constant. However, it does not contain the dilaton and, therefore, is perturbative in terms
of the string coupling expansion.
To proceed, we must present the structure of the heterotic string action Sz. This action
was discussed in [6, 7], where we refer the reader for details and a complete description of
the notation. Here, we will elucidate notation only if it is relevant to our calculation. The
action is found to be
Sz = SS + SWZW , (2.9)
where
SS(Z;E
A
M,BMN, φ) = TS
∫
z
dσ0dσ1(φ
√
detEAi E
B
j ηAB
−1
2
ǫijEAi E
B
jBBA) (2.10)
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with EAi ≡ (∂iZM)EAM, couples the superstring to EAM,BBA and φ, and
SWZW (Z, g;AM) = − 1
8π
∫
z
dσ0dσ1tr[
1
2
√
hhij(ωi − Ai)(ωj − Aj) + iǫijωiAj]
+
1
24
∫
B
d3σˆiǫiˆjˆkˆtrω′
kˆ
ω′
jˆ
ω′
iˆ
(2.11)
is the Wess-Zumino-Witten term coupling the superstring to the supergauge connection.
Here, Ai = (∂iZ
M)AM and ω is the Lie algebra valued one-form on the heterotic string
worldsheet defined by
ω = g−1dg. (2.12)
Using (2.10) and (2.11), the calculation of the non-perturbative contribution to the two-
point function (2.7) can be carried out. This calculation is technically tedious and will not
be reviewed here. We refer the reader to [6, 7] for details. Suffice it to say that one proceeds
by expanding each term in the action as a power series of the fermionic coordinate Θ. That
is,
SS = S0 + SΘ + . . . (2.13)
and
SWZW = SWZW0 + . . . , (2.14)
where we only display relevant terms. In (2.13) one finds, after some rescaling of the fields,
that
S0 =
A(z)
2πα′
− i
∫
z
B. (2.15)
Here, A(z) is the area of the curve z measured using the pulled-back target space metric, α′
is the heterotic string parameter and B is the pulled-back bosonic two-form. Furthermore,
the SΘ term can be shown to contain four-dimensional fermions λ
I that arise from the
dimensional reduction on X of the ten-dimensional gravitino. After a long calculation [6, 7],
one finds that
< λI(y1)λ
J(y2) > ∝
∫
Dλe−
∫
d4y
∑
K λ
K/∂λKλI(y1)λ
J(y2)∫
d4x(∂L∂M (e
−S0
∫
Dge−SWZW0))λLλM . (2.16)
Note that the proportionality symbol includes three determinant factors that are not relevant
to the discussion in this paper. Comparing these results to the (DIDJW )λ
IλJ term in (2.2),
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and using (2.15), we conclude that the non-perturbative contribution to the superpotential
of a heterotic superstring wrapped once around a holomorphic curve z is given by
W ∝
(∫
Dge−SWZW0
)
e−
A(z)
2piα′
+i
∫
z
B. (2.17)
The e−
A(z)
2piα′
+i
∫
z
B factor contains only the Calabi-Yau moduli and is reasonably well-known
[1, 2, 5, 6]. In this paper, we turn our attention to the factor
∫ Dge−SWZW0 , which depends
on the vector bundle moduli. Although a topological criterion for the vanishing of this factor
was given in [5], its functional dependence on the vector bundle moduli has only recently
been computed [10].
To evaluate
∫ Dge−SWZW0 , we first note that SWZW0 is precisely the expression (2.11)
with Ai replaced by the bosonic gauge connection Ai = (∂iX
M)AM . Let us split the ten-
dimensional vector field AM into the four-and six-dimensional components Au and AU re-
spectively. Since the holomorphic curve the superstring is wrapped on lies entirely inside the
Calabi-Yau threefold X , we get
Ai = (∂iX
U)AU . (2.18)
AU is valued in the Lie algebra of structure group G ⊆ E8 × E8 and is a solution of the
Hermitian Yang-Mills equations on X . Such a solution is called a G-instanton. At this point,
we note that, with some restrictions, this theory can be written in a simpler form. When
Ai = 0, the theory described by SWZW0 is known [31] to be equivalent to an SO(16)×SO(16)
theory of free Weyl fermions on z of the same chirality. Now take Ai 6= 0. Since only the
SO(16)× SO(16) (⊂ E8 × E8) symmetry is manifest in the free fermion theory, only gauge
connection Ai with structure group
G ⊆ SO(16)× SO(16) (2.19)
can be coupled to fermions in the usual way. The coupling of gauge backgrounds with larger
structure groups is far from manifest and cannot be given by a Lagrangian description. For
these reason we assume, henceforth, that (2.19) is satisfied. Note that, from a phenomeno-
logical point of view, this restriction is not unreasonable since, as explained in a number
of papers [16, 18, 19, 20, 21], realistic heterotic superstring and M-theory models always
require the structure group to be contained in SO(16) × SO(16). With this is mind, we
now write the action for SO(16) × SO(16) Weyl fermions coupled to a background gauge
connection Ai. Denote the Weyl fermions by ψ
a, a = 1, . . . , 32 where each is chosen to be a
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section of the negative spin bundle on z, S−. Then
Sψ =
∫
z
dσ0dσ1trψ¯D−ψ, (2.20)
where D− is the chiral Dirac operator on z with gauge connection A. The subscript minus
implies that it acts on sections of S−. The fermion partition function is easily evaluated to
give ∫
DψDψ¯e−Sψ ∝ detD−, (2.21)
where
D− =

 0 D−
i∂+ 0

 (2.22)
and i∂+ is the Dirac operator with vanishing gauge connection that acts on sections of the
positive spin bundle, S+. There is one final caveat before we can determine the partition
function
∫ Dge−SWZW0 . In computing the above, we have used the SWZW0 action in Euclidean
space. Hence, the fermions to which this theory is equivalent are Weyl fermions. However, the
heterotic superstring actually propagates is Minkowski space, where the associated fermions
are simultaneously Weyl and Majorana spinors. These have half the number of degrees of
freedom of the Euclidean space Weyl fermions. It follows that, to avoid overcounting degrees
of freedom, one should take the square root of the partition function. Mindful of this caveat,
we see from the above discussion that
∫
Dge−SWZW0 ∝ Pfaff(D−), (2.23)
where
Pfaff(D−) =
√
detD− (2.24)
and D− is given by (2.22). This expression is the starting point of the paper.
There are, apparently, at least two ways to evaluate Pfaff(D−). One approach is to view
A as a gauge connection on a stable, holomorphic vector bundle V over X using the theorems
of Donaldson [32] and Uhlenbeck and Yau [33]. Pfaff(D−) is then a global operator on z
twisted by the bundle V |z⊗S− and detD− can be determined by purely algebraic techniques.
This is the method we use in this paper. A second approach is to return to the original
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partition function
∫ Dge−SWZW0 and to evaluate it, as completely as possible, using general
properties of solutions of the Hermitian Yang-Mills equations. This evaluation is carried out
in Appendix A. One would then attempt to find explicit solutions of these equations on a
Calabi-Yau threefold. These will depend, generically, on arbitrary integration constants, the
vector bundle moduli. Inserting any such solution into
∫ Dge−SWZW0 would produce, after
integration, an explicit function of the vector bundle moduli. This approach is problematic
since, at present, no solutions of the Hermitian Yang-Mills on a Calabi-Yau threefold are
known. Be that as it may, the importance of computing the superpotentials may provide
an incentive for a re-examination of this question. We emphasize that the properties of
Pfaff(D−), such as its vanishing structure, that will be discussed in this paper might serve
as a non-trivial guide to the construction of such explicit solutions.
3 The Moduli of Stable SU(n) Vector Bundles:
Let X be an elliptically fibered Calabi-Yau threefold with base B and fiber map π : X −→ B.
In this paper, we will, when specificity is required, take B to be a Hirzebruch surface
B = Fr, (3.1)
where r is any non-negative integer. As discussed in Appendix B, a stable SU(n) holomorphic
vector bundle V is determined via a Fourier-Mukai transformation from spectral data C and
N , where C is a divisor in X which is an effective, irreducible n-fold cover of the base B,
and N is a line bundle on X . That is
(C,N )←→ V. (3.2)
It is clear from this construction that the number of moduli of a stable SU(n) holomorphic
vector bundle V is determined by the number of parameters specifying its spectral cover C
and by the dimension of the space of holomorphic line bundles N defined on C.
3.1 Parameters of C and the Space of Line Bundles N :
The spectral cover C is a divisor of the Calabi-Yau threefold X and, hence, uniquely deter-
mines a line bundle OX(C) on X . Then H0(X,OX(C)) is the space of holomorphic sections of
OX(C). We denote its dimension by h0(X,OX(C)). It follows that there must exist h0 holo-
morphic sections s1, .., sh0 that span this space. Note that the zero locus of any non-vanishing
9
element of H0(X,OX(C)),
s{ai} = Σ
h0
i=1aisi, (3.3)
for fixed complex coefficients ai, determines an effective divisor C{ai} of X in the class of C.
Running over all ai gives the complete set, |C|, of effective divisors in the class of C. Clearly
|C| = PH0(X,OX(C)), (3.4)
where the right hand side is the projectivization of H0(X,OX(C)). It follows that
dim|C| = h0(X,OX(C))− 1. (3.5)
This quantity counts the number of parameters specifying the spectral cover C. We now
consider the line bundles N over C.
The set of holomorphic line bundles N over the spectral cover C is, by definition, de-
termined by the set of holomorphic transition functions allowed on C. These, in turn, are
specified as the closed but not exact elements of the multiplicative group C1(C,O∗C) of non-
vanishing holomorphic functions on the intersection of any two open sets in the atlas of C.
That is, the group of line bundles of C is given by
Pic(C) = H1(C,O∗C), (3.6)
where H1(C,O∗C) is the first Cˇech cohomology group of O∗C on C. Clearly then, the dimension
of the space of line bundles N over C is specified by
dimPic(C) = h1(C,O∗C). (3.7)
Putting these results together, we see that the number of moduli of a stable SU(n) holo-
morphic vector bundle V , which we will denote by n(V ), is given by
n(V ) = (h0(X,OX(C))− 1) + h1(C,O∗C). (3.8)
We now turn to the explicit evaluation of each of the terms in this expression.
Our basic approach to evaluating h0(X,OX(C)) is through the Riemann-Roch theorem
which, in this context, states that
χE(X,OX(C)) = h0(X,OX(C))− h1 + h2 − h3, (3.9)
where χE(X,OX(C)) is the Euler characteristic and hq for q = 1, 2, 3 are the dimensions
of the higher cohomology groups of X evaluated in OX(C). To proceed, we will use the
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fact that the stable SU(n) holomorphic vector bundles that we consider in this paper are
positive. This allows us to employ the Kodaira vanishing theorem which, in turn, allows us
to conclude that
Hq(X,OX(C)) = 0 (3.10)
for q > 0. It follows that hq = 0 for q = 1, 2, 3 and the Riemann-Roch theorem simplifies to
χE(X,OX(C)) = h0(X,OX(C)). (3.11)
Therefore, to evaluate h0(X,OX(C)) we need simply to evaluate the Euler characteristic. For
the situation at hand, the Euler characteristic is determined from the Atiyah-Singer index
theorem to be
χE(X,OX(C)) = 1
6
∫
X
c31(OX(C)) +
1
12
∫
X
c1(OX(C)) ∧ c2(TX). (3.12)
The first Chern class c1(OX(C)) is just given by C. The second Chern class of the tangent
bundle c2(TX) has been found in [34] to be
c2(TX) = π
∗(c2(B) + 11c
2
1(B)) + 12σ · π∗(c1(B)). (3.13)
Using equation (9.8) for the first and second Chern classes of Fr and the spectral cover
given in equations (9.9) and (9.16), one can compute χE(X,OX(C)). Of course, there are
further restrictions on the integers a and b. These are 1. the non-negativity conditions (9.17)
required to make C effective and 2. conditions (9.18), (9.19) and (9.20) necessary to render
C irreducible and positive. With these restrictions, equation (3.11) is valid. We find that
h0(X,OX(C)) = n
3
(4n2 − 1) + nab− (n2 − 2)(a+ b) + ar(n
2
2
− 1)− n
2
ra2. (3.14)
We now proceed to calculate h1(C,O∗C).
To evaluate h1(C,O∗C), we note that it is an element in a long exact sequence of cohomol-
ogy groups given in part by
→ H1(C,OC)→ H1(C,O∗C)→ H2(C,Z)→, (3.15)
where H1(C,O∗C) → H2(C,Z) is the Cˇech coboundary operation δ1. However, using the
Lefschetz theorem one can show that
H1(C,OC) = 0. (3.16)
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Hence, the mapping
δ1 : H
1(C,O∗C)→ H2(C,Z) (3.17)
is injective. That is,
Pic(C) = H1(C,O∗C) ⊂ H2(C,Z). (3.18)
Note that H2(C,Z) forms a rigid lattice and, hence, there are no smooth deformations. We
conclude that
dimH1(C,O∗C) = 0. (3.19)
3.2 n(V) for B = Fr:
We can now give the final expression for the number of moduli of a positive, stable SU(n)
holomorphic vector bundle over an elliptically fibered Calabi-Yau threefold with base B = Fr.
The associated spectral cover is given by
C = nσ + π∗(aS + bE), (3.20)
where the effectiveness of C requires
a ≥ 0, b ≥ 0, (3.21)
the irreducibility of C demands that
b ≥ ar, a ≥ 2n, b ≥ n(r + 2) (3.22)
and the positivity requirement for C implies
a > 2n, b > ar − n(r − 2). (3.23)
Using equations (3.8), (3.14) and (3.19), one can conclude the following.
• The number of vector bundle moduli is given by
n(V ) =
n
3
(4n2 − 1) + nab− (n2 − 2)(a+ b) + ar(n
2
2
− 1)− n
2
ra2 − 1. (3.24)
This equation will be essential to the subsequent discussion.
12
3.3 Vector Bundles Restricted to π∗z and their Moduli:
In this paper, we are interested in a heterotic superstring wrapped once around a genus-zero
holomorphic curve in the elliptically fibered Calabi-Yau threefold X . In fact, the curves we
consider are of the form
σ · π∗z, (3.25)
where z is a holomorphic curve in the base surface B of X . We will frequently refer to σ ·π∗z
simply as z. It is clear, furthermore, that the superstring will couple, not to the complete
vector bundle V but, rather, to the restriction of the vector bundle to the curve z, denoted
by V |z. The properties of this bundle, however, are most easily analyzed by first considering
V |pi∗z, the restriction of V to the surface π∗z, to which we now turn.
We begin by noting that the surface π∗z is elliptically fibered over the base curve z and
that
C|pi∗z = C · π∗z (3.26)
is an effective, irreducible curve which is an n-fold cover of the base z. Similarly, N|pi∗z is
the restriction of the line bundle N to π∗z. We will, to simplify our notation, denote these
quantities by
C = C|pi∗z, N = N|pi∗z. (3.27)
Given the restricted spectral data C and N , one can construct V |pi∗z via a Fourier-Mukai
transformation. That is,
(C,N)←→ V |pi∗z. (3.28)
As we did in the previous section for V , we can ask how to define and enumerate the
vector bundle moduli associated with V |pi∗z (we want to count the deformations of V |pi∗z
which come as restrictions of deformations of V , not all abstract deformations of V |pi∗z).
It is clear from (3.28) that the number of moduli of V |pi∗z is determined by the number of
parameters specifying the restricted spectral cover C and by the size of the space of restricted
holomorphic line bundles N . Since the holomorphic line bundle N on the threefold does not
have any continuous parameters, neither does its restriction. Therefore, we only need to
consider the parameters of the spectral cover.
The spectral cover C is a divisor of the surface π∗z and, hence, uniquely determines a
line bundle Opi∗z(C) on π∗z. Then H0(π∗z,Opi∗z(C)) is the space of holomorphic sections of
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Opi∗z(C). We denote its dimension by h0(π∗z,Opi∗z(C)). For the reasons discussed previously,
the set, |C|, of all effective divisors in the class of C is given by
|C| = PH0(π∗z,Opi∗z(C)), (3.29)
where the right hand side is the projectivization of H0(π∗z,Opi∗z(C)). It follows that
dim|C| = h0(π∗z,Opi∗z(C))− 1. (3.30)
This quantity counts the number of parameters specifying the spectral cover C. Putting the
results of this subsection together, we see that the number of moduli of the restricted vector
bundle V |pi∗z, which we will denote by n(V |pi∗z), is given by
n(V |pi∗z) = dim|C| (3.31)
and, hence, using (3.30) that
n(V |pi∗z) = h0(π∗z,Opi∗z(C))− 1. (3.32)
We now turn to the explicit calculation of h0(π∗z,Opi∗z(C)).
To evaluate h0(π∗z,Opi∗z(C)) we again consider the Riemann-Roch theorem, which now
becomes
χE(π
∗z,Opi∗z(C)) = h0(π∗z,Opi∗z(C))− h1 + h2, (3.33)
where χE(π
∗z,Opi∗z(C)) is the Euler characteristic and hq, q = 1, 2 are the dimensions of the
higher cohomology groups of π∗z with coefficients in Opi∗z(C). As in the previous calculation
of h0(X,OX(C)), expression (3.33) is only useful to us if h1 and h2 can be shown to vanish.
To do this, we first need to demonstrate that Opi∗z(C) can be decomposed as
Opi∗z(C) = Kpi∗z ⊗ Lpi∗z, (3.34)
where Kpi∗z is the canonical bundle and Lpi∗z is a positive line bundle. If this is the case, one
can use the Kodaira vanishing theorem which immediately imlies that
h1 = h2 = 0. (3.35)
Decomposition (3.34) can be shown for a wide class of curves z in Fr. However, the calcula-
tions are complicated and unenlightening. Recall from Appendix B that the effective curves
S and E form a basis of H2(Fr,R). In this paper, we will restrict our discussion to the curve
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S. The extension of these results to E or other effective curves is straightforward, if tedious.
That is, we will always choose the curve
z = S, (3.36)
when specificity is required. S is a holomorphic curve of genus zero and, hence, S = P1.
Furthermore, note from (9.7) that S2 = −r and, therefore, S is an isolated holomorphic
curve in Fr for r = 1, 2. It then follows that σ ·π∗S is an isolated holomorphic curve of genus
zero in X . We demonstrated in [11] that
π∗S = K3, dP9, P1 × T 2 (3.37)
for B = F0,F1 and F2 respectively. As discussed in Appendix B, for B = Fr the spectral
cover in X is of the form
C = nσ + π∗((a + 1)S + bE), (3.38)
where a + 1, b are integers satisfying the effectiveness, irreducibility and positivity condi-
tions (9.17), (9.18), (9.19) and (9.20). Note that we use a + 1, rather than a, as the
coefficient of S in (3.38) to match our conventions in [11]. The coefficient a + 1 signifies
the vector bundle after the small instanton transition, when the data of a single curve S is
added to the bundle. Using (9.7), it then follows from (3.26) and (3.27) that
C = nσ|pi∗S + (b− (a+ 1)r)F. (3.39)
We showed in [11] that
Opi∗S(C) = Kpi∗S ⊗ Lpi∗S , (3.40)
where
Lpi∗S = Opi∗S(nσ|pi∗S + (b− ar)F ), (3.41)
and that the line bundle Lpi∗S is positive if and only if
b > ar − n(r − 2). (3.42)
However, this is exactly the second positivity condition in (9.7). Therefore, if C is chosen to be
positive then so is the line bundle Lpi∗S , and equation (3.35) holds. Therefore, equation (3.33)
becomes
χE(π
∗S,Opi∗S(C)) = h0(π∗S,Opi∗S(C)). (3.43)
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The Euler characteristic and, hence, h0(π∗S,Opi∗S(C)) can be calculated using the Atiyah-
Singer index theorem. We showed in [11] that
h0(π∗S,Opi∗S(C)) = nb− (n2 − 2) + rn
2
(n− 1)− r(na+ 1). (3.44)
As was discussed in detail in [11], h0(π∗S,Opi∗S(C)) has a physical interpretation as the
number of “transition” moduli associated with the small instanton transition centered on
the curve z = S. As these transition moduli will not be the central focus of this paper, we
refer the reader to [11] for details. What is directly relevant to this paper are the number
and properties of the parameters of the projective space
|C| = PH0(π∗S,Opi∗S(C)) (3.45)
which specify the vector bundle moduli of V |pi∗S . From (3.32) and (3.44) one can conclude
the following.
• The number of vector bundle moduli of V |pi∗S is given by
n(V |pi∗S) = nb− (n2 − 1) + rn
2
(n− 1)− r(na + 1). (3.46)
• For each choice of the line bundle N , the vector bundle moduli of V |pi∗S parameterize
the projective space
PH0(π∗S,Opi∗S(C)) ≃ Pnb−(n2−1)+ rn2 (n−1)−r(na+1). (3.47)
To illustrate these concepts, we now present four examples that we will explore through-
out this paper. In the first two of these examples, we will choose
B = F1, G = SU(3) (3.48)
and, hence, r = 1, n = 3 and
π∗S = dP9. (3.49)
It follows that (3.46) and (3.47) become
n(V |dP9) = 3(b− a)− 6 (3.50)
and
PH0(dP9,OdP9(C)) ≃ P3(b−a)−6 (3.51)
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respectively. Furthermore, in order to assure that C is positive, we will always assume that
a > 5. (3.52)
Example 1 : In this example, take
b− a = 5. (3.53)
Then, from (3.39) we have
C = 3σ|dP9 + 4F. (3.54)
Note, that a + 1, b satisfy (9.17), (9.18) and (9.19). Therefore, C is both effective and
irreducible. In addition, both conditions in (9.20) are satisfied, guaranteeing that C and,
hence, LdP9 are positive. It follows that
n(V |dP9) = 9 (3.55)
and
PH0(dP9,OdP9(3σ|dP9 + 4F )) ≃ P9. (3.56)
Example 2 : In this example, choose
b− a = 6. (3.57)
Then (3.39) implies
C = 3σ|dP9 + 5F. (3.58)
Integers a+ 1, b satisfy (9.17), (9.18) and (9.19) and both conditions in (9.20). Therefore C
is effective and irreducible and LdP9 is positive. Then
n(V |dP9) = 12 (3.59)
and
PH0(dP9,OdP9(3σ|dP9 + 5F )) ≃ P12. (3.60)
In the third and the fourth examples, we will take
B = F2, G = SU(3) (3.61)
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and, hence, r = 2, n = 3 and
π∗S = P1 × T 2. (3.62)
It follows that (3.46) and (3.47) become
n(V |P1×T 2) = 3(b− 2a)− 4 (3.63)
and
PH0(P1 × T 2,OP1×T 2(C)) ≃ P3(b−2a)−4 (3.64)
respectively. Furthermore, we will always take
a > 5. (3.65)
Example 3 : Choose in this case
b− 2a = 3. (3.66)
Then, we see from (3.39) that
C = 3σ|P1×T 2 + F. (3.67)
Integers a+ 1, b satisfy (9.17), (9.18) and (9.19) and both conditions in (9.20). Therefore C
is effective and irreducible and LP1×T 2 is positive. Then
n(V |P1×T 2) = 5 (3.68)
and
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + F )) ≃ P5. (3.69)
Example 4 : Choose in this case
b− 2a = 4. (3.70)
Then, we see from (3.39) that
C = 3σ|P1×T 2 + 2F. (3.71)
Integers a+ 1, b satisfy (9.17), (9.18) and (9.19) and both conditions in (9.20). Therefore C
is effective and irreducible and LP1×T 2 is positive. Then
n(V |P1×T 2) = 8 (3.72)
and
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + 2F )) ≃ P8. (3.73)
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4 Vector Bundles on the Curve z:
4.1 Vector Bundle Moduli on z:
For the calculation of the superpotential, it is very important to know the direct image of
the line bundle Opi∗z(C) on z, that is
π∗Opi∗z(C). (4.1)
Clearly, since C is an n-fold cover of z, (4.1) will be a rank n vector bundle over z. Since, in
all examples in this paper, z will be chosen to be a Riemann surface of genus zero, we can
always decompose this rank n vector bundle into the direct sum of n line bundles
n⊕
i=1
Oz(mi) (4.2)
for some integers mi. To proceed, we once again restrict our attention to the fundamental
curve
z = S. (4.3)
The extention of these results to other effective curves z is straightforward. Then, we showed
in (3.39) that C has the form
C = nσ|pi∗S + fF, (4.4)
where
f = b− (a + 1)r. (4.5)
It is possible to show, for
B = F0 ⇒ π∗S = K3 (4.6)
that
π∗OK3(nσ|K3 + fF ) = OS(f)⊕
n⊕
i=2
OS(f − 2i), (4.7)
for
B = F1 ⇒ π∗S = dP9 (4.8)
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that
π∗OdP9(nσ|dP9 + fF ) = OS(f)⊕
n⊕
i=2
OS(f − i) (4.9)
and for
B = F2 ⇒ π∗S = P1 × T 2 (4.10)
that
π∗OP1×T 2(nσ|P1×T 2 + fF ) =
n⊕
i=1
OS(f). (4.11)
The proofs of these statements are sufficiently complicated that we present them in Appendix
C. Expressions (4.7), (4.9) and (4.11) allow us to compute π∗Opi∗S(C) explicitly as the sum
of line bundles over S. We are particularly interested in the linear space
H0(S, π∗Opi∗S(C)) (4.12)
of holomorphic sections of the rank n vector bundle on S and, in particular, in its dimension
h0(S, π∗Opi∗S(C)). (4.13)
• Let us first assume that B = F0. Then
h0(K3, π∗OK3(C)) = h0(S,OS(f)⊕
n⊕
i=2
OS(f − 2i)). (4.14)
Using the fact that
h0(P1,OP1(m)) = m+ 1 (4.15)
for m ≥ 0 and
h0(P1,OP1(m)) = 0 (4.16)
for m < 0, the summation
n∑
i=2
i =
n2 + n− 2
2
(4.17)
and (4.5) for r = 0, one can easily show that
h0(S,OS(f)⊕
n⊕
i=2
OS(f − 2i)) = nb− n2 + 2. (4.18)
Note that this is identical to expression (3.44) evaluated for r = 0 and, hence, h0(S,OS(f)⊕⊕n
i=2OS(f − 2i)) gives the number of transition moduli for z = S and B = F0.
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• Now assume that B = F1. Then
h0(dP9, π∗OdP9(C)) = h0(S,OS(f)⊕
n⊕
i=2
OS(f − i)). (4.19)
Using (4.15), (4.17) and (4.5) for r = 1, we find that
h0(S,OS(f)⊕
n⊕
i=2
OS(f − i)) = n(b− a− 1) + n
2
(1− n) + 1, (4.20)
which is identical to expression (3.44) evaluated for r = 1. Therefore, again, h0(S,OS(f)⊕⊕n
i=2OS(f − i)) gives the number of transition moduli for z = S and B = F1.
• Finally, consider B = F2. Then
h0(P1 × T 2, π∗OP1×T 2(C)) = h0(S,
n⊕
i=1
OS(f)). (4.21)
Using (4.15) and (4.5) for r = 2, we find that
h0(S,
n⊕
i=1
OS(f)) = n(b− 2a− 1), (4.22)
which is identical to expression (3.44) evaluated for r = 2. Therefore, again, h0(S,⊕ni=1OS(f))
gives the number of transition moduli for z = S and B = F2.
The fact that h0(S, π∗Opi∗S(C)) is identical to the number of transition moduli is not
coincidental. Using a Leray spectral sequence, one can show that
H0(S, π∗Opi∗S(C)) = H0(π∗S,Opi∗S(C)) (4.23)
for any base B = Fr. It follows from this that h
0(S, π∗Opi∗S(C)) is the number of transition
moduli.
To illustrate these concepts, we now consider the four examples introduced previously.
In the first two examples
r = 1, n = 3, a > 5. (4.24)
Example 1 : In this example
b− a = 5 (4.25)
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and we see from (3.54) that
C = 3σ|dP9 + 4F. (4.26)
Then, equation (4.9) implies
π∗OdP9(3σ|dP9 + 4F ) = OS(4)⊕OS(2)⊕OS(1). (4.27)
Furthermore, using (4.15) we see
h0(S,OS(4)⊕OS(2)⊕OS(1)) = 10, (4.28)
which is consistent with (3.55).
Example 2 : In this example
b− a = 6 (4.29)
and from (3.58)
C = 3σ|dP9 + 5F. (4.30)
Then, equation (4.9) implies that
π∗OdP9(3σ|dP9 + 5F ) = OS(5)⊕OS(3)⊕OS(2). (4.31)
Furthermore, using (4.15) we see
h0(S,OS(5)⊕OS(3)⊕OS(2)) = 13 (4.32)
which is consistent with (3.59).
In the third and the fourth examples, we choose
r = 2, n = 3, a > 5. (4.33)
Example 3 : In this example
b− 2a = 3 (4.34)
and from (3.67)
C = 3σ|P1×T 2 + F. (4.35)
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Then, equation (4.11) implies that
π∗OP1×T 2(3σ|P1×T 2 + F ) = OS(1)⊕OS(1)⊕OS(1). (4.36)
Furthermore, using (4.15) we see
h0(S,OS(1)⊕OS(1)⊕OS(1)) = 6, (4.37)
which is consistent with (3.68).
Example 4 : In this example
b− 2a = 4 (4.38)
and from (3.71)
C = 3σ|P1×T 2 + 2F. (4.39)
Then, equation (4.11) implies that
π∗OP1×T 2(3σ|P1×T 2 + 2F ) = OS(2)⊕OS(2)⊕OS(2). (4.40)
Furthermore, using (4.15) we see
h0(S,OS(2)⊕OS(2)⊕OS(2)) = 9, (4.41)
which is consistent with (3.72).
Putting everything together, we can conclude the following.
• The number of transition moduli associated with curve z can be determined as follows.
First consider the spectral cover restricted to π∗z, C. The image
π∗Opi∗z(C) (4.42)
is a rank n vector bundle over z. The number of transition moduli associated with z
is given by
h0(z, π∗Opi∗z(C)). (4.43)
• The number of vector bundle moduli associated with V |pi∗z is given by the dimension
of the projective space, that is
n(V |pi∗z) = h0(z, π∗Opi∗z(C))− 1. (4.44)
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4.2 The Vector Bundle Restricted to z:
As discussed previously , the superstring will couple to the restriction of the vector bundle to
the curve z, V |z. The number of moduli of V |pi∗z was determined above and is associated on
z with the image of the line bundle of C, that is, π∗Opi∗z(C). We now want to construct V |z
itself. Note, however, that z is not an elliptic fibration and, hence, V |z can not be obtained
by the Fourier-Mukai transformation of spectral data. To construct V |z, we need to unwind
what the Fourier-Mukai transformation actually means. Let P be the Poincare line bundle
on the fiber product X ×B X and, hence, by restriction on X ×B C. Let π1 and π2 be the
two projections of the fiber product X ×B C onto the two factors X and C respectively. The
fact that V is obtained by a Fourier-Mukai transformation of (C,N ) means that
V = π1∗(π
∗
2N|C ⊗P). (4.45)
Let us now consider the restriction, V |σ, of V to the zero section σ ⊂ X . Clearly, using
the base change theorem, this can be carried out as follows. First, restrict the line bundle
π∗2N|C ⊗P on X ×B C to
(π∗2N|C)|σ×BC ⊗ P|σ×BC (4.46)
on σ ×B C ⊂ X ×B C. Using the fact that
σ ×B C = C, (4.47)
this line bundle can be written simply as
N|C ⊗ P|σ×BC. (4.48)
Finally, recall that
πC : C → B (4.49)
is the n-fold covering map of the spectral cover onto the base. It follows that
V |B = πC∗(N|C ⊗ P|σ×BC). (4.50)
Identifying B with the zero section σ, and using the fact that the Poincare line bundle
becomes trivial when restricted to the zero section, we see that
V |σ = πC∗N|C. (4.51)
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We are now free to restrict this result to the curve z ⊂ σ. Recall that we are slightly abusing
notation. What we call the curve z is, in fact, the curve σ ·π∗z and, therefore, it is contained
inside the global section σ. Using the fact that
N|C = N |C (4.52)
we obtain the following result.
• The restriction of the vector bundle to the curve z is given by
V |z = πC∗N |C , (4.53)
where
πC : C → z (4.54)
is the n-fold covering map of C onto the base curve z.
In all applications in this paper, the curve z on which the superstring is wrapped will
be isomorphic to P1. It is well known that the space of line bundles over P1 does not have
moduli since for a given first Chern class there is a unique holomorphic line bundle. On the
other hand, equation (4.53) depends, by restriction, on the spectral cover, which does have
continuous parameters. What happens to V |z if we start changing the parameters of C? A
naive answer is that nothing happens. Since the vector bundle V |z does not have moduli,
it can depend only on the homology class of the spectral cover but not on the choice of a
representative inside this homology class. This answer turns out to be incorrect. In the
next sections, by studying h0 of the vector bundle V |z ⊗ Oz(−1), we will discover that a
continuous deformation of the spectral cover inside its homology class can cause a discrete
change in the topology of V |z. Exploring how h0(z, V |z ⊗ Oz(−1)) changes as we change
parameters of the spectral cover will allow us to compute the superpotential.
5 General Structure of the Zeros of the Pfaffian:
5.1 The Superpotential and the Pfaffian:
In section 2, we showed that, in heterotic superstring theory, the superpotential is propor-
tional to the Pfaffian of the chiral Dirac operator D− restricted to the curve z on which the
superstring is wrapped. That is,
W ∝ Pfaff(D−), (5.1)
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where
Pfaff(D−) =
√
detD−, (5.2)
D−, for an appropriate choice of basis of the Clifford algebra, is given by
D− =

 0 D−
i∂+ 0

 (5.3)
and
D− : Γ(z, V |z ⊗ S−)→ Γ(z, V |z ⊗ S+), (5.4)
with
S = S+ ⊕ S− (5.5)
the spin bundle on the curve z. Since D− involves V |z, it follows from the above discussion
that Pfaff(D−) will be dependent upon the moduli of V |pi∗z. As discussed in [10], one can
show that
detD− ∝
√
detD−D+, (5.6)
where
D+ = D
†
−. (5.7)
The key point in the evaluation of Pfaff(D−) is to analyse under what circumstences it
will vanish [5, 10]. Clearly, Pfaff(D−) vanishes if and only if one or both of the operators
D− and D+ have a non-trivial zero mode. Recall that
indexD+ = dim kerD+ − dim kerD−. (5.8)
From the Atiyah-Singer index theorem
indexD+ =
i
2π
∫
z
trF , (5.9)
where F is the curvature two-form associated with the connection A restricted to the curve z.
Since the structure group of the holomorphic vector bundle V is contained in the semi-simple
group E8 × E8, we see that trF vanishes. Therefore,
indexD+ = 0 (5.10)
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and, hence,
dim kerD+ = dim kerD−. (5.11)
It follows that Pfaff(D−) will vanish if and only if
dim kerD− > 0. (5.12)
By using the fact that operator D− depends on a connection satisfying the Hermitian Yang-
Mills equations, one can show [10] that for a special choice of the gauge one can always
set
D− = i∂¯, (5.13)
where, for any open neighborhood in z with coordinates σ and σ¯
∂¯ = ∂σ¯. (5.14)
Therefore, Pfaff(D−) will vanish if and only if
dim ker∂¯ > 0. (5.15)
However, it follows from the equation (5.13) and (5.14) that the zero modes of operator ∂¯
are precisely the holomorphic sections of the vector bundle V |z⊗S−. Using the fact that on
z = P1
S− = Oz(−1), (5.16)
and defining
V |z(−1) = V |z ⊗Oz(−1), (5.17)
we see that
dim ker∂¯ = h0(z, V |z(−1)). (5.18)
Hence, the problem of determining the zeros of the Pfaffian of D− is reduced to deciding
whether or not there are any non-trivial global holomorphic sections of the vector bundle
V |z(−1) over curve z. That is, we conclude the following.
• The Pfaffian of D− vanishes if and only if
h0(z, V |z(−1)) > 0. (5.19)
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An equivalent way of stating the same result is to realize that the condition for the
vanishing of Pfaff(D−) is directly related to the non-triviality or triviality of the bundle V |z.
To see this, note that any holomorphic SO(16) × SO(16) vector bundle V |z over a genus
zero curve z = P1 is of the form
V |z =
16⊕
i=1
OP1(mi)⊕OP1(−mi) (5.20)
with non-negative integers mi. Therefore,
V |z(−1) =
16⊕
i=1
OP1(mi − 1)⊕OP1(−mi − 1). (5.21)
Using formulas (4.15) and (4.16) for h0(P1,OP1(mi)) from the previous section, we see that
h0(z, V |z(−1)) =
16∑
i=1
mi. (5.22)
Therefore h0(z, V |z(−1)) > 0 if and only if at least one mi is greater than zero. That is,
h0(z, V |z(−1)) > 0 if and only if the vector bundle V |z is non-trivial.
The rest of this section will be devoted to the general discussion, in the context of stable,
holomorphic vector bundles over elliptically fibered Calabi-Yau threefolds X , of when V |z is
trivial and when it is non-trivial, that is, equivalently, when V |z(−1) does not have sections
and when it does. The structure group of the bundle will be assumed to be an SU(n)
subgroup of SO(16)×SO(16), although all detailed examples in this paper will, for specificity,
be given for an SU(3) structure group. As we will see later in the paper, generically, the
condition of triviality or non-triviality of the vector bundle V |z is not topological in the sense
that it is governed not soley by the choice of the topological type of the spectral cover or the
line bundle but, rather, by the choice of parameters of the spectral cover. In other words, for a
given family of positive spectral covers and, therefore, a family of stable, holomorphic vector
bundles on X parametrized by its moduli, the answer to the question whether or not V |z is
trivial depends on the choice of the moduli. In the next section, we will give two examples
of when, for every choice of the moduli, the bundle V |z is non-trivial and the superpotential
vanishes identically. We will then give examples where, for a generic choice of moduli, the
bundle V |z is trivial but there is a co-dimension one subspace where V |z becomes non-trivial.
This means that, generically, the Pfaffian and, therefore, the superpotential is non-vanishing.
However, the Pfaffian does vanish for moduli on the co-dimension one subspace.
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5.2 Vanishing of the Pfaffian:
We now discuss how the choice of moduli affects the triviality or non-triviality of V |z. In
fact, it is technically easier to study the equivalent problem of whether or not h0(z, V |z(−1))
vanishes. In this paper, we will restrict the discussion to stable, holomorphic vector bundles
over Calabi-Yau threefolds X elliptically fibered over Hirzebruch surfaces Fr with r = 0, 1, 2.
The curve z will be chosen to be purely horizontal, that is, to lie in the base B = Fr. As
discussed previously, for any curve z in the base of X , the restriction, V |z, of the holomorphic
vector bundle to z is given by
V |z = πC∗N |C , (5.23)
where C and N denote the restriction of the spectral cover C and line bundle N to the
surface π∗z. Then
H0(z, V |z(−1)) = H0(z, πC∗N |C ⊗Oz(−1)) (5.24)
and, hence
h0(z, V |z(−1)) = h0(z, πC∗N |C ⊗Oz(−1)). (5.25)
Using a Leray spectral sequence, one can show that
H0(z, πC∗N |C ⊗Oz(−1)) = H0(C,N(−F )|C), (5.26)
where we define
N(−F ) = N ⊗Opi∗z(−F ) (5.27)
and F is the class of the elliptic fiber. Therefore
h0(z, πC∗N |C ⊗Oz(−1)) = h0(C,N(−F )|C). (5.28)
We conclude from (5.25) and (5.28) that one can determine when the bundle V |z(−1) has
sections by studying under what circumstances the line bundle N(−F ), restricted to the
Riemann surface C, does. To accomplish this, we consider the short exact sequence
0→ E ⊗Opi∗z(−D) fD→ E r→ E|D → 0, (5.29)
where E is any holomorphic vector bundle on π∗z and D is any effective divisor in π∗z.
Henceforth, we will choose
E = N(−F ) (5.30)
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and
D = C. (5.31)
The short exact sequence (5.29) can, therefore, be written as
0→ N(−F − C) fC→ N(−F ) r→ N(−F )|C → 0, (5.32)
where
N(−F − C) = N(−F )⊗Opi∗z(−C). (5.33)
The map fC in (5.32) is given by multiplication by a section of the line bundle Opi∗z(C)
that vanishes precisely on C. The mapping r is just restriction. The cohomology long exact
sequence corresponding to (5.32) is given by
0→ H0(π∗z,N(−F − C))→ H0(π∗z,N(−F ))→ H0(C,N(−F )|C)→
H1(π∗z,N(−F − C)) fC→ H1(π∗z,N(−F ))→ H1(C,N(−F )|C)→
H2(π∗z,N(−F − C))→ H2(π∗z,N(−F ))→ 0. (5.34)
First, we note from (5.25) and (5.28) that the dimension of the cohomology groupH0(C,N(−F )|C)
is precisely the quantity that we want to compute. Furthermore, since the sequence (5.34)
is exact, the group H0(C,N(−F )|C) is the kernel of the map fC . Mapping fC in the long
exact sequence is the linear map from H1(π∗z,N(−F −C)) to H1(π∗z,N(−F )) induced by
multiplying by a section of Opi∗z(C) that vanishes at C. As it arises in a similar way to
fC in the short exact sequence (5.32), we give this linear mapping the same symbol. Fi-
nally, note that the cohomology groups H1(π∗z,N(−F −C)) and H1(π∗z,N(−F )) are finite
dimensional vector spaces and, hence, the map fC can be represented by a matrix.
We now arrive at a key point. The restriction of the spectral cover C represents the
homology class whose elements parametrize a projective space, as discussed above. As we
deform a spectral cover C inside its homology class, we actually change the map fC since
we change the explicit section that vanishes at C. This implies that the map fC depends on
the vector bundle moduli. More precisely, it depends not on all vector bundle moduli but
only on those that parametrize C. As we discussed in Section 3, the set of parameters of C
forms the projective space
PH0(π∗z,Opi∗z(C)). (5.35)
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Therefore, the map fC depends on the coordinates of (5.35).
Before specifying the curve z and the parameters of the line bundle N , let us make a
general comment on the cohomology exact sequence (5.34). Suppose that
h0(π∗z,N(−F )) > h0(π∗z,N(−F − C)). (5.36)
Then sequence (5.34) implies that
h0(C,N(−F )|C) (5.37)
can not be zero. Therefore, if condition (5.36) is fulfilled the line bundle N(−F )|C necessarily
has sections and the Pfaffian vanishes identically. We will, shortly, give an example when
this situation indeed happens. However, as will be amply demonstrated, in most cases
inequality (5.36) is not satisfied and the Pfaffian need not be zero.
The further analysis is too complicated in the general setting, so we will make some
specifications. Curve z will be chosen, as previously, to be
z = S (5.38)
Then, S = P1 and, since S · S = −r, it is an isolated curve in Fr for r = 1, 2. It follows that
for r = 1, 2 the curve σ · π∗S is P1 and isolated in X . Furthermore, we need to specify the
line bundle N(−F ) = N|pi∗S(−F ). This involves the restriction of the global line bundle N
on X given by equation (9.21) in Appendix B. That is
N = OX(n(1
2
+ λ)σ + (
1
2
− λ)π∗η + (1
2
+ nλ)π∗c1(B)), (5.39)
where c1(B) is the first Chern class of the base Fr
c1(Fr) = 2S + (r + 2)E (5.40)
and η is the curve on the base specifying the spectral cover. Following the notation of the
previous sections, we write
η = (a + 1)S + bE . (5.41)
The coefficients a and b are chosen in such a way that the spectral cover
C = nσ + π∗η (5.42)
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satisfies effectiveness, irreducibility and positivity conditions (9.17), (9.18), (9.19) and (9.20).
The restriction of the spectral cover to π∗S was given in (3.39) to be
C = nσ|pi∗S + (b− (a+ 1)r)F. (5.43)
Furthermore, the restriction of the line bundle N to π∗S is of the form
N = N|pi∗S = Opi∗S((n(1
2
+ λ)σ + (
1
2
− λ)π∗η + (1
2
+ nλ)π∗c1(B)) · π∗S). (5.44)
Using equations (5.44), (5.40), (5.41) and the intersecton properties (9.7) in Appendix B, we
obtain that
N(−F ) = Opi∗S(n(λ + 1
2
)σ|pi∗S + ((1
2
− λ)(b− (a+ 1)r) + (1
2
+ nλ)(2− r)− 1)F ). (5.45)
We begin our analysis by giving an explicit example of when Pfaff(D−) and, hence, the
superpotential vanishes identically.
• Suppose that the following conditions on the parameters are fulfilled
(
1
2
− λ)(b− (a+ 1)r) + (1
2
+ nλ)(2− r)− 1 = 0, λ+ 1
2
≥ 1. (5.46)
Then it follows that the line bundles N(−F ) and N(−F − C) are of the form
N(−F ) = Opi∗S(Aσ|pi∗S), A > 0 (5.47)
and
N(−F − C) = Opi∗S(A′σ|pi∗S − B′F ), A′ ≥ 0, B′ > 0 (5.48)
respectively. The condition B′ > 0 is the consequence of the fact that we work with
positive spectral covers, which implies b− ar > 0. Using a Leray spectral sequence, it
follows that
H0(π∗S,Opi∗S(A′σ|pi∗S − B′F )) = H0(S, π∗Opi∗S(A′σ|pi∗S − B′F )). (5.49)
Furthermore, equation (10.16) in Appendix C implies
H0(π∗S,Opi∗S(A′σ|pi∗S − B′F )) = H0(S,OS(−B′)⊕
A′⊕
i=2
(−B′ + i(r − 2)). (5.50)
Since B′ > 0, we see from equation (4.16) that the line bundle Opi∗S(A′σ|pi∗S − B′F )
does not have any global holomorphic sections. On the other hand, the same analysis,
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using equation (10.15) in Appendix C, shows that the line bundle Opi∗S(Aσ|pi∗S) has
a unique section for r = 0, 1 and A sections for r = 2. Therefore, we have proven
that conditions (5.36) are fulfilled whenever equations (5.46) are satisfied. This, in
turn, implies that if equations (5.46) are satisfied, the Pfaffian and, therefore, the
superpotential induced by a superstring wrapped on a holomorphic curve S vanish
identically.
Parameters satisfying (5.46), as well as the effectiveness, irreducibility and positivity condi-
tions (9.17), (9.18), (9.19) and (9.20), are easily found. An explicit example is
r = 1, n = 3, b− a = 4, λ = 3
2
. (5.51)
We now turn to the more interesting situation when there is no obvious reason for the
Pfaffian to vanish identically. In fact, several different cases have to be distinguished. They
are
λ >
1
2
, λ < −1
2
, λ =
1
2
, λ = −1
2
. (5.52)
• Let us first consider the case
λ >
1
2
. (5.53)
Here, of course, we assume that the first condition in (5.46) is not fulfilled since other-
wise, as we have just shown, the Pfaffian would vanish identically. If condition (5.53) is
satisfied, one can show, using Leray spectral sequences and equations (5.43) and (5.45),
that the second cohomology groups in (5.34) can be related to the second cohomology
groups on the curve S and, hence, vanish identically. That is
H2(π∗S, N(−F − C)) = H2(S, π∗N(−F − C)) = 0 (5.54)
and
H2(π∗S, N(−F )) = H2(S, π∗N(−F )) = 0. (5.55)
Here, we have used the fact that
R1π∗Opi∗S(Aσ|pi∗S + fF ) = 0 (5.56)
for A > 0 and any f . To simplify the sequence (5.34), let us assume that the line
bundle N(−F ) will always be of the form
Opi∗S(Aσ|pi∗S − BF ), A > 0, B > 0. (5.57)
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This condition will be satisfied in all the examples we will consider. As explained
above, such line bundles have no global holomorphic sections and, hence
H0(π∗S, N(−F )) = 0. (5.58)
Then, the general structure of the exact sequence (5.34) simplifies to
0→ H0(C,N(−F )|C)→ H1(π∗S, N(−F − C)) fC→
H1(π∗S, N(−F ))→ H1(C,N(−F )|C)→ 0. (5.59)
Now, let us note the following fact. From equations (5.24)-(5.28) we know that
H0(S, V |S(−1)) = H0(C,N(−F )|C) (5.60)
and therefore, that
h0(S, V |S(−1)) = h0(C,N(−F )|C). (5.61)
On the other hand, using a Leray spectral sequence, it follows that the first cohomology
groups satisfy the same relation, that is
H1(S, V |S(−1)) = H1(C,N(−F )|C) (5.62)
and, hence
h1(S, V |S(−1)) = h1(C,N(−F )|C). (5.63)
The quantity
h0(S, V |S(−1))− h1(S, V |S(−1)), (5.64)
as follows from the Atiyah-Singer theorem and the fact that OS(−1) is a spin bundle,
is nothing but the index of the Dirac operator D− that has been shown previously to
vanish. This allows us to conclude that
h0(C,N(−F )|C) = h1(C,N(−F )|C). (5.65)
It then follows from sequence (5.59) that the middle cohomology groups must have the
same dimension. That is,
h1(π∗S, N(−F − C)) = h1(π∗S, N(−F )). (5.66)
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This says that fC in (5.59) is a mapping between two linear spaces of the same dimen-
sion and, therefore, can be represented by a square matrix. A non-trivial kernel of the
matrix fC is equivalent to the condition of the determinant of fC vanish. We conclude,
therefore, that
h0(S, V |S(−1)) > 0 (5.67)
if and only if
detfC = 0. (5.68)
As we have previously discussed, the matrix fC depends on the vector bundle moduli
associated with the restriction of the spectral cover C to the surface π∗S. Therefore,
detfC is a function of these moduli. Within the zero locus of detfC
h0(S, V |S(−1)) > 0, (5.69)
the vector bundle V |S is non-trivial and the Pfaffian vanishes. However, outside this
zero locus
h0(S, V |S(−1)) = 0 (5.70)
and, as a result, the vector bundle V |S is trivial and the Pfaffian does not vanish.
To illustrate these concepts, we now consider the examples introduced in the previous
section. Since we have restricted λ to satisfy (5.53), we need only consider Examples 2, 3
and 4 above. We will continue to refer to them with the same numbering. The detfC in
these examples will be explicity computed in the next section.
Example 2 : In this example, we take
r = 1, n = 3, a > 5 (5.71)
and, hence, the lift of the curve S is the rational elliptic surface dP9. The bundle over it is
specified by
b− a = 6, λ = 3
2
. (5.72)
Note that λ satisfies (5.53). Then, from (4.30)
C = 3σ|dP9 + 5F. (5.73)
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Furthermore, it follows from (5.45) that the line bundle N(−F ) is given by
N(−F ) = OdP9(6σ|dP9 − F ). (5.74)
The line bundle N(−F ) is of the form (5.57) and, therefore,
H0(dP9, N(−F )) = 0. (5.75)
Since condition (5.53) is satisfied, the second cohomology groups in the exact sequence (5.34)
vanish. Therefore, sequence (5.34) is reduced to (5.59) which, using equations (5.60), (5.62),
(5.73) and (5.74), can be written as
0→ H0(S, V |S(−1))→W1 fC→ W2 → H1(S, V |S(−1))→ 0, (5.76)
where
W1 = H
1(dP9,OdP9(3σ|dP9 − 6F )) (5.77)
and
W2 = H
1(dP9,OdP9(6σ|dP9 − F )). (5.78)
The construction of the map fC , which will be given in the next section, is based on the fact
that one can relate cohomology groups on dP9 to cohomology groups on S = P1. This is
achieved by a Leray spectral sequence which implies that
H1(dP9,OdP9(3σ|dP9 − 6F )) = H1(S, π∗OdP9(3σ|dP9 − 6F )) (5.79)
and
H1(dP9,OdP9(6σ|dP9 − F )) = H1(S, π∗OdP9(6σ|dP9 − F )). (5.80)
From equations (4.9), (5.77) and (5.79), it follows that
W1 ≃ H1(S,OS(−6)⊕OS(−8)⊕OS(−9)) (5.81)
and
W2 ≃ H1(S,OS(−1)⊕
7⊕
i=3
OS(−i)). (5.82)
36
Furthermore, by using the Serre duality
H1(P1,OP1(p)) ≃ H0(P1,OP1(−2 − p))∗ (5.83)
we can rewrite W1 and W2 as
W1 ≃ H0(S,OS(4)⊕OS(6)⊕OS(7))∗ (5.84)
and
W2 ≃ H0(S,OS(−1)⊕
7⊕
i=3
OS(−2 + i))∗. (5.85)
From equations (4.15) and (4.16), we conclude that
dimW1 = dimW2 = 20. (5.86)
Therefore, the linear map fC in this example can be represented by a 20× 20 matrix. This
matrix depends on the parameters of the spectral cover restricted to dP9 given in (5.73).
From equations (3.60), (4.31) and (4.32), we know that the space of these parameters is the
projective space
PH0(dP9,OdP9(3σ|dP9 + 5F )) ≃ PH0(S,OS(5)⊕OS(3)⊕OS(2)) ≃ P12. (5.87)
This means that the map fC is parametrized by the coordinates of the twelve-dimensional
projective space (5.87).
Example 3 : In this example, we take
r = 2, n = 3, a > 5 (5.88)
and, hence, the lift of the curve S is just the cross product P1 × T 2. The vector bundle on
this surface is specified by
b− 2a = 3, λ = 3
2
. (5.89)
Note that λ satisfies condition (5.53). Then, from equation (4.35) it follows that
C = 3σ|P1×T 2 + F. (5.90)
Furthermore, it follows from (5.45) that the line bundle N(−F ) is given by
N(−F ) = OP1×T 2(6σ|P1×T 2 − 2F ). (5.91)
37
As in the previous example,
H0(P1 × T 2, N(−F )) = 0 (5.92)
and the second cohomology groups vanish
H2(P1 × T 2, N(−F − C)) = H2(P1 × T 2, N(−F )) = 0. (5.93)
Thus, the corresponding cohomology exact sequence becomes
0→ H0(S, V |S(−1))→W3 fC→ W4 → H1(S, V |S(−1))→ 0, (5.94)
where
W3 = H
1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 3F )) (5.95)
and
W4 = H
1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 2F )). (5.96)
Using (4.11) and Serre duality (5.83), these cohomology groups can be related to those on
the curve S as
W3 ≃ H1(S,
3⊕
i=1
OS(−3)) ≃ H0(S,
3⊕
1
OS(1))∗ (5.97)
and
W4 ≃ H1(S,
6⊕
i=1
OS(−2)) ≃ H0(S,
6⊕
i=1
OS)∗. (5.98)
It follows from (4.15) and (4.16) that
dimW3 = dimW4 = 6. (5.99)
Therefore, the linear map fC in this example can be represented by a 6× 6 matrix. The re-
striction of the spectral cover is of the form (5.90) and, as follows from equations (3.69), (4.36)
and (4.37), its moduli parametrize the projective space
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + F )) ≃ PH0(S,
3⊕
i=1
OS(1)) ≃ P5. (5.100)
Hence, the map fC depends on six homogeneous coordinates.
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Example 4 : In this example, we take
r = 2, n = 3, a > 5 (5.101)
and, hence, the lift of the curve S is just the cross product P1 × T 2. The vector bundle on
this surface is specified by
b− 2a = 4, λ = 3
2
. (5.102)
Note that λ satisfies condition (5.53). Then, from (4.39)
C = 3σ|P1×T 2 + 2F. (5.103)
Furthermore, it follows from (5.45) that the line bundle N(−F ) is given by
N(−F ) = OP1×T 2(6σ|P1×T 2 − 3F ). (5.104)
As in the previous example,
H0(P1 × T 2, N(−F )) = 0 (5.105)
and the second cohomology groups vanish
H2(P1 × T 2, N(−F − C)) = H2(P1 × T 2, N(−F )) = 0. (5.106)
Thus, the corresponding cohomology exact sequence becomes
0→ H0(S, V |S(−1))→W5 fC→ W6 → H1(S, V |S(−1))→ 0, (5.107)
where
W5 = H
1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 5F )) (5.108)
and
W6 = H
1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 3F )). (5.109)
Using (4.11) and the Serre duality (5.83), these cohomology groups can be related to those
on the curve S as
W5 ≃ H1(S,
3⊕
i=1
OS(−5)) ≃ H0(S,
3⊕
1
OS(3))∗ (5.110)
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and
W6 ≃ H1(S,
6⊕
i=1
OS(−3)) ≃ H0(S,
6⊕
i=1
OS(1))∗. (5.111)
It follows from (4.15) and (4.16) that
dimW5 = dimW6 = 12. (5.112)
Therefore, the linear map fC in this example can be represented by a 12 × 12 matrix.
The restriction of the spectral cover is of the form (5.103) and, as follows from equa-
tions (3.73), (4.40) and (4.41), its moduli parametrize the projective space
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + 2F )) ≃ PH0(S,
3⊕
i=1
OS(2)) ≃ P8. (5.113)
Hence, the map fC depends on nine homogeneous coordinates.
• We now turn to the second case in (5.52), where
λ < −1
2
. (5.114)
In this case, the procedure presented above has to be slightly modified. The reason
is that the coefficient in front of σ|pi∗S in (5.45) is now negative. We showed in (5.65)
that
h0(C,N(−F )|C) = h1(C,N(−F )|C). (5.115)
On the other hand, by Serre duality
h1(C,N(−F )|C) = h0(C, (N(−F ))∗|C ⊗KC), (5.116)
where by KC we denote the canonical bundle of C. Thanks to equations (5.115)
and (5.116), instead of studying the question of when
h0(C,N(−F )|C) > 0, (5.117)
we can study the equivalent question of when
h0(C, (N(−F ))∗|C ⊗KC) > 0. (5.118)
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This observation is helpful for the following reason. By the adjunction formula, the
canonical bundle KC can be related to the canonical bundle Kpi∗S by
KC = (Kpi∗S ⊗Opi∗S(C))|C. (5.119)
The canonical bundle of π∗S was shown in [11] to be
Kpi∗S = Opi∗S(−rF ). (5.120)
Then, using (5.43), one finds that
KC = Opi∗S(nσ|pi∗S + (b− (a + 2)r)F )|C. (5.121)
If condition (5.114) is satisfied, it is easy to see that
(N(−F ))∗ ⊗Kpi∗S ⊗Opi∗S(C) = Opi∗S(A′′σ|pi∗S + . . . ), (5.122)
where
A′′ = n(−λ+ 1
2
) > 0 (5.123)
and the ellipses stand for the fiber class term, which is irrelevant to our argument. The
fact that A′′ is positive allows us to proceed with our discussion. Return to the short
exact sequence (5.29). Although we continue to choose D = C, the vector bundle E is
now taken to be
E = (N(−F ))∗ ⊗Kpi∗S ⊗Opi∗S(C). (5.124)
Note that
E|C = (N(−F ))∗|C ⊗KC . (5.125)
The procedure discussed above is now repeated using this different data.
Repeating this procedure in the general setting requires that we introduce rather com-
plicated notation. Here, therefore, it is simplest to work within the context of an explicit
example. Let us consider Example 1 discussed previously.
Example 1 : In this example, we take
r = 1, n = 3, a > 5 (5.126)
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and, hence, the lift of the curve S is just dP9. The vector bundle on this surface is specified
by
b− a = 5, λ = −5
2
. (5.127)
Note that λ satisfies (5.114). Then, from (4.26)
C = 3σ|dP9 + 4F. (5.128)
Furthermore, it follows from (5.45) that the line bundle N(−F ) is given by
N(−F ) = OdP9(−6σ|dP9 + 4F ) (5.129)
The coefficient in front of σ|dP9 is negative, so we introduce the “Serre dual” version of
N(−F )|C
(N(−F ))∗|C ⊗KC . (5.130)
In the case under consideration
KC = OdP9(3σ|pi∗S + 3F )|C (5.131)
and, therefore,
(N(−F ))∗|C ⊗KC = OdP9(9σ|dP9 − F )|C. (5.132)
We see then that an equivalent condition for the vanishing of the Pfaffian is given by
h0(C,OdP9(9σ|dP9 − F )|C) > 0. (5.133)
Since the coefficient in front of σ|dP9 in (5.133) is positive, we can now apply the techniques
developed previously in this section. The new expression for E given in (5.124) becomes, in
this example,
E = OdP9(9σ|dP9 − F ). (5.134)
Then, the exact sequence (5.29) is given by
0→ OdP9(6σ|dP9 − 5F ) fC→ OdP9(9σ|dP9 − F )→ OdP9(9σ|dP9 − F )|C → 0. (5.135)
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The cohomology long exact sequence associated with (5.135) is of the form
0→ H0(dP9,OdP9(6σ|dP9 − 5F ))→ H0(dP9,OdP9(9σ|dP9 − F ))→
H0(C,OdP9(9σ|dP9 − F )|C)→ H1(dP9,OdP9(6σ|dP9 − 5F )) fC→
H1(dP9,OdP9(9σ|dP9 − F ))→ H1(C,OdP9(9σ|dP9 − F )|C)→
H2(dP9,OdP9(6σ|dP9 − 5F ))→ H2(dP9,OdP9(9σ|dP9 − F ))→ 0. (5.136)
The line bundle OdP9(9σ|dP9−F ) is of the type (5.57) and, therefore, does not have sections.
That is
H0(dP9,OdP9(9σ|dP9 − F )) = 0. (5.137)
By using a Leray spectral sequence, it is easy to see that second cohomology groups in (5.136)
vanish
H2(dP9,OdP9(6σ|dP9 − 5F )) = H2(dP9,OdP9(9σ|dP9 − F )) = 0. (5.138)
As a result, sequence (5.136) is reduced to
0→ H0(C,OdP9(9σ|dP9 − F )|C)→W7 fC→ W8 → H1(C,OdP9(9σ|dP9 − F )|C)→ 0, (5.139)
where
W7 = H
1(dP9,OdP9(6σ|dP9 − 5F )) (5.140)
and
W8 = H
1(dP9,OdP9(9σ|dP9 − F )). (5.141)
Using equation (4.9) and a Leray spectral sequence, we find that
W7 ≃ H1(S,OS(−5)⊕
11⊕
i=7
OS(−i)) (5.142)
and
W8 ≃ H1(S,OS(−1)⊕
10⊕
i=3
OS(−i)). (5.143)
By Serre duality (5.83), we can also rewrite W7 and W8 in the form
W7 ≃ H0(S,OS(3)⊕
9⊕
i=5
OS(i))∗ (5.144)
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and
W8 ≃ H0(S,OS(−1)⊕
8⊕
i=1
OS(i))∗. (5.145)
It then follows from equations (4.15), (4.16) that
dimW7 = dimW8 = 44. (5.146)
Therefore, the linear map fC in this example can be represented by a 44 × 44 matrix. It
follows from equations (3.56), (4.27) and (4.28) that the restriction of the spectral cover to
dP9 given in (5.128) has moduli which parameterize the projective space
PH0(dP9,OdP9(3σ|dP9 + 4F )) ≃ PH0(S,OS(4)⊕OS(2)⊕OS(1)) ≃ P9. (5.147)
Hence, the matrix fC is parametrized by the coordinates of the nine-dimensional projective
space (5.147).
The remaining two cases in (5.52),
λ =
1
2
(5.148)
and
λ = −1
2
(5.149)
require a substantial modification of the procedure discussed above and will not be considered
in this paper.
6 Computing detfC:
In this section, for the four examples involving isolated curve S presented in the previous
sections, we will show how to explicitly find the matrix fC whose kernel is h
0(S, V |S(−1)).
We then compute the determinant detfC and give it a global interpretation. This will
allow us to obtain an explicit expression for the superpotential. The preliminary set-up for
constructing fC was given in the previous section.
Let us begin with
Example 2 : In this example, we take
r = 1, n = 3, a > 5 (6.1)
44
and, hence, π∗S = dP9. The bundle over this surface is specified by
b− a = 6, λ = 3
2
. (6.2)
Let us recall the basic set-up from the previous section. The sequence that we are going to
study was given in (5.76) by
0→ H0(S, V |S(−1))→W1 fC→ W2 → H1(S, V |S(−1))→ 0, (6.3)
where
W1 = H
1(dP9,OdP9(3σ|dP9 − 6F )) (6.4)
and
W2 = H
1(dP9,OdP9(6σ|dP9 − F )). (6.5)
The dimension of each of the linear spaces linear spaces W1 and W2 is 20 and, hence, the
map fC can be represented by a 20× 20 matrix. This matrix depends on the parameters of
the spectral cover restricted to dP9, that is, on the homogeneous coordinates of
PH0(dP9,OdP9(3σ|dP9 + 5F )) ≃ PH0(S,OS(5)⊕OS(3)⊕OS(2)) ≃ P12. (6.6)
We will extensively use the relation of W1 and W2 to the cohomology groups on the curve S
(equations (5.81), (5.82), (5.84) and (5.85)), given by
W1 ≃ H1(S,OS(−6)⊕OS(−8)⊕OS(−9)) ≃ H0(S,OS(4)⊕OS(6)⊕OS(7))∗ (6.7)
and
W2 ≃ H1(S,OS(−1)⊕
7⊕
i=3
OS(−i)) ≃ H0(S,OS(−1)⊕
7⊕
i=3
OS(−2 + i))∗. (6.8)
The main idea in constructing the matrix fC is to express all data on dP9 in terms of data
on the curve S using the isomorphisms (6.7) and (6.8). Let us denote by
w˜1 = B−6 ⊕ B−8 ⊕B−9 (6.9)
an arbitrary element of H1(S,OS(−6)⊕OS(−8)⊕OS(−9)), where B−i, i = 6, 8, 9, represents
an arbitrary differential in H1(S,OS(−i)). We see from the Serre duality relation (5.83)
and (4.15) that
h1(S,OS(−i)) = i− 1. (6.10)
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Let us now lift w˜1 to an element w1 in H
1(dP9,OdP9(3σ|dP9 − 6F )) and denote by bi = π∗Bi
the lift of Bi. Clearly, w1 is given by a sum of bi multiplied by global sections s1, s2, s3 of
some line bundles on dP9. That is
w1 = b−6s1 + b−8s2 + b−9s3. (6.11)
It is easy to see that
s1 ∈ H0(dP9,OdP9(3σ|dP9)),
s2 ∈ H0(dP9,OdP9(3σ|dP9 + 2F )),
s3 ∈ H0(dP9,OdP9(3σ|dP9 + 3F )). (6.12)
Note that the line bundle OdP9(3σ|dP9) has only one section vanishing along σ|dP9 with
multiplicity 3. This section is identical [11, 34] to z in the Weierstrass equation for dP9
y2z = 4x3 − g2xz2 − g3z3. (6.13)
That is,
s1 = z. (6.14)
Furthermore, it was shown in [11] that
x ∈ H0(dP9,OdP9(3σ|dP9 + 2F )), y ∈ H0(dP9,OdP9(3σ|dP9 + 3F )) (6.15)
and
g2 ∈ H0(dP9,OdP9(4F )), g3 ∈ H0(dP9,OdP9(6F )). (6.16)
We see, therefore, that the sections s2 and s3 can be taken to be
s2 = x, s3 = y. (6.17)
It follows that
w1 = b−6z + b−8x+ b−9y. (6.18)
Expression (6.18) completely characterizes an element w1 ∈ W1.
In a similar way, any element w2 ∈ W2 = H1(dP9,OdP9(6σ|dP9 − F )) can be written as
w2 = c−3zx + c−4zy + c−5x
2 + c−6xy + c−7y
2 (6.19)
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where for j = 3, · · · , 7, c−j = π∗C−j is an element of H1(dP9,OdP9(−jF )) and C−j is a
section in the j− 1-dimensional space H1(S,OS(−j)). The map fC is can also be expressed
in terms of data on curve S. By using (6.6) and (6.17), fC can be written as
fC = m5z +m3x+m2y, (6.20)
where mk = π
∗Mk, k = 2, 3, 5, is an element in H
0(dP9,OdP9(kF )) and Mk is a section in
the k + 1-dimensional space H0(S,OS(k)). Although there are thirteen parameters in mk,
k = 2, 3, 5, it must be remembered that they are homogeneous coordinates for the twelve
dimensional projective space PH0(dP9,OdP9(3σ|dP9 + 5F )).
Putting this all together, we can completely specify the linear mapping W1
fC→W2. First,
note that with respect to fixed basis vectors of W1 and W2, the linear map fC is a 20 × 20
matrix. In order to find this matrix explicitly, we have to study its action on these basis
vectors. This action is generated through multiplcation by a section fC of the form (6.20).
Suppressing, for the time being, the vector coefficients b−i and c−j , we see from (6.11) that
the linear space W1 is spanned by the basis vector blocks
z, x, y (6.21)
whereas it follows from (6.19) that the linear space W2 is spanned by basis vector blocks
zx, zy, x2, xy, y2. (6.22)
The explicit matrixMIJ representing fC is determined by multiplying the basis vectors (6.21)
of W1 by fC in (6.20). Expanding the resulting vectors in W2 in the basis (6.22) yields the
matrix. We find that MIJ is given by


z x y
xz m3 m5 0
yz m2 0 m5
x2 0 m3 0
xy 0 m2 m3
y2 0 0 m2


. (6.23)
Of course,MIJ is a 20×20 matrix, so each of the elements of (6.23) represents a (j−1)×(i−1)
matrix for the corresponding j = 3, 4, 5, 6, 7 and i = 6, 8, 9. Note, that if we multiply m5z
by a basis vector block z we get m5z
2 which is not in the space W2. Therefore, it does not
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represent a holomorphic differential and should be put to zero. For example, let us compute
M11. This corresponds to the xz − z component of (6.23) where
H1(dP9,OdP9(3σ|dP9 − 6F ))|b−6 m3→ H1(dP9,OdP9(6σ|dP9 − F ))|c−3. (6.24)
Note, from (6.10), that
h1(dP9,OdP9(3σ|dP9 − 6F ))|b−6 = 5 (6.25)
and
h1(dP9,OdP9(6σ|dP9 − F ))|c−3 = 2. (6.26)
An explicit matrix for m3 is most easily obtained if we use equations (6.4), (6.7) and
(6.5), (6.8) to identify
H1(dP9,OdP9(3σ|dP9 − 6F ))|b−6 = H0(S,OS(4))∗ (6.27)
and
H1(dP9,OdP9(6σ|dP9 − F ))|c−3 = H0(S,OS(1))∗. (6.28)
If we define the two dimensional linear space
Vˆ = H0(S,O(1)), (6.29)
then we see that
H1(dP9,OdP9(3σ|dP9 − 6F ))|b−6 = Sym4Vˆ ∗ (6.30)
and
H1(dP9,OdP9(6σ|dP9 − F ))|c−3 = Vˆ ∗, (6.31)
where by SymkVˆ ∗ we denote the k-th symmetrized tensor product of the dual vector space
Vˆ ∗ of Vˆ . Similarly, it follows from (6.6) and (6.29) that m3 is an element in
H0(dP9,OdP9(3σ|dP9 + 5F ))|m3 = Sym3Vˆ . (6.32)
Let us now introduce a basis
{u, v} ∈ Vˆ (6.33)
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and the dual basis
{u∗, v∗} ∈ Vˆ ∗, (6.34)
where
u∗u = v∗v = 1, u∗v = v∗u = 0. (6.35)
Then the space SymkVˆ ∗ is spanned by all possible homogeneous polynomials in u∗, v∗ of
degree k. Specifically,
{u∗4, u∗3v∗, u∗2v∗2, u∗v∗3, v∗4} ∈ Sym4Vˆ ∗ (6.36)
is a basis of Sym4Vˆ ∗ and
{u3, u2v, uv2, v3} ∈ Sym3Vˆ . (6.37)
is a basis of Sym3Vˆ . Clearly, any section m3 can be written in the basis (6.37) as
m3 = φ1u
3 + φ2u
2v + φ3uv
2 + φ4v
3, (6.38)
where φa, a = 1, · · ·4 represent the associated moduli. Now, by using the multiplication
rules (6.35), we find that the explicit 2× 5 matrix representation of m3 in this basis, that is,
the M11 submatrix of MIJ , is given by


u∗4 u∗3v∗ u∗2v∗2 u∗v∗3 v∗4
u∗ φ1 φ2 φ3 φ4 0
v∗ 0 φ1 φ2 φ3 φ4

. (6.39)
Continuing in this manner, we can fill out the complete 20 × 20 matrix MIJ . It is not
particularly enlightening, so we will not present the matrix MIJ in this paper. What is
important is the determinant of MIJ . Let us parametrize the sections m2 and m5 as
m2 = χ1u
2 + χ2uv + χ3v
2
m5 = ψ1u
5 + ψ2u
4v + ψ3u
3v2 + ψ4u
2v3 + ψ5uv
4 + ψ6v
5 (6.40)
where χb, b = 1, 2, 3 and ψc, c = 1, · · ·6 represent the associated moduli. It is then straight-
forward to compute the determinant ofMIJ using the programs Maple or MATHEMATICA.
We find that it has two rather remarkable properties. First, it factors in a simple way. And
second, it is independent of some of the variables. Specifically, we find the following.
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• The determinant of fC is given by
detfC = detMIJ = P4, (6.41)
where
P = χ21χ3φ23 − χ21χ2φ3φ4 − 2χ1χ23φ3φ1 −
χ1χ2χ3φ3φ2 + χ
2
2χ3φ1φ3 + φ
2
4χ
3
1 −
2φ2φ4χ3χ
2
1 + χ1χ
2
3φ
2
2 + 3φ1φ4χ1χ2χ3 +
φ2χ1φ4χ
2
2 + φ
2
1χ
3
3 − φ2χ2φ1χ23 − φ4φ1χ32 (6.42)
is a homogeneous polynomial of degree 5 in the seven projective parameters φa and χb.
Note that none of the remaining six moduli ψa appear in P.
We conclude this example by pointing out that detfC will vanish precisely on the zero
locus of the homogeneous polynomial P. Globally, P must be a holomorphic section of some
complex line bundle over P12. Therefore, there must exist a divisor DP ⊂ P12 such that P
is a section of
OP12(DP) (6.43)
and vanishes on the co-dimension one submanifold DP of P
12. This categorizes the space of
zeroes of P and, hence, detfC . The exact eleven dimensional submanifold
DP ⊂ PH0(S,OS(5)⊕OS(3)⊕OS(2)) (6.44)
can be determined by solving the equation P = 0 using (6.42).
As a second example, let us consider
Example 1 : In this example, we take
r = 1, n = 3, a > 5 (6.45)
and, hence, π∗S = dP9. The vector bundle over dP9 is specified by
b− a = 5, λ = −5
2
. (6.46)
According to the previous section, the cohomology exact sequence that we need to study is
0→ H0(S, V |S(−1))→W7 fC→ W8 → H1(S, V |S(−1))→ 0, (6.47)
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where
W7 = H
1(dP9,OdP9(6σ|dP9 − 5F )) (6.48)
and
W8 = H
1(dP9,OdP9(9σ|dP9 − F )). (6.49)
The relation of W7 and W8 to the cohomology groups on the curve S is the following
W7 ≃ H1(S,OS(−5)⊕
11⊕
i=7
OS(−1)) ≃ H0(S,OS(3)⊕
9⊕
i=5
OS(i))∗ (6.50)
and
W8 ≃ H1(S,OS(−1)⊕
10⊕
i=3
OS(−i)) ≃ H0(S,OS(−1)⊕
8⊕
i=1
OS(i))∗. (6.51)
The dimension of each of the linear spaces W7 and W8 is 44 and, hence, the map fC can
be represented by a 44× 44 matrix. This matrix depends on the parameters of the spectral
cover restricted to dP9, that is, on the homogeneous coordinates of
PH0(dP9,OdP9(3σ|dP9 + 4F )) ≃ PH0(S,OS(4)⊕OS(2)OS(1)) ≃ P9. (6.52)
An arbitrary element w˜7 ∈ H1(S,OS(−5)⊕
⊕11
i=7OS(−1)) can be written as
w˜7 = B−5 ⊕
11⊕
i=7
B−i, (6.53)
where B−i, i = 5, 7, · · ·11, denote an arbitrary element of the i − 1-dimensional space
H1(S,OS(−i)). Let bi = π∗Bi represent the lift of Bi. We can now write an element
w7 ∈ H1(dP9,OdP9(6σ|dP9 − 5F )) as a sum of bi multiplied by global sections of appropriate
line bundles on dP9. These global sections can be chosen to be z
2, xz, yz, x2, xy, x3z−1. We
find that
w7 = b−5z
2 + b−7xz + b−8yz + b−9x
2 + b−10xy + b−11x
3z−1. (6.54)
Note that a section x3z−1 is holomorphic since x vanishes along σ|dP9 with multiplicity one
[34]. This cancels the pole coming from z−1. Using (6.15), it is easy to see that that every
term in (6.54) is an element in H1(dP9,OdP9(6σ|dP9 − 5F )). In a similar way, any element
w8 ∈ W8 can be expressed as
w8 = c−3xz
2 + c−4yz
2 + c−5x
2z + c−6xyz + c−7x
3 + c−8x
2y + c−9x
4z−1c−10x
3yz−1, (6.55)
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where for j = 3, · · · 10, c−j = π∗C−j is an element of H1(dP9,OdP9(−jF )) and C−j is a
section in the j − 1-dimensional space H1(S,OS(−j)). We now need to express the map fC
in terms of data on the curve S. By using (6.52), fC can be written as
fC = m4z +m2x+m1y, (6.56)
where mk = π
∗Mk, k = 1, 2, 4, is an element of H
0(dP9,OdP9(kF )) and Mk is a section
in the k + 1-dimensional space H0(S,OS(k)). Although there are ten parameters in mk,
k = 1, 2, 4, they are homogeneous coordinates for the nine dimensional projective space
PH0(dP9,OdP9(3σ|dP9 + 4F )).
Putting this all together, we can completely specify the linear mapping W7
fC→W8. First,
note that with respect to fixed basis vectors ofW7 andW8, linear map fC is a 44×44 matrix.
To find this matrix explicitly, we have to study its action on these basis vectors. This action
is generated through multiplication by a section fC of the form (6.56). Suppressing, for the
time being, the vector coefficients b−i and c−i, we see from (6.54) that the linear space W7
is spanned by the following basis vector blocks
z2, xz, yz, x2, xy, x3z−1 (6.57)
whereas it follows from (6.55) that the linear space W8 is spanned by basis vector blocks
xz2, yz2, x2z, xyz, x3, x2y, x4z−1, x3yz−1. (6.58)
The explicit matrix MIJ representing fC is obtained by multiplying the basis vectors (6.57)
by fC in (6.56). Expanding the resulting vectors in W8 in the basis (6.58) yields the matrix.
We find that MIJ is given by


z2 xz yz x2 xy x3z−1
xz2 m2 m4 −m1g2 0 −m1g3 0
yz2 m1 0 m4 0 0 0
x2z 0 m2 0 m4 −m1g2 0
xyz 0 m1 m2 0 m4 0
x3 0 0 4m1 m2 0 m4
x2y 0 0 0 m1 m2 0
x4z−1 0 0 0 0 4m1 m2
x3yz−1 0 0 0 0 0 m1


. (6.59)
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This matrix has a more complicated structure than the one in the previous example and
requires some explanation. First, note that if we multiply z2 by m4z we obtain m4z
3, which
is not in the space W8. This implies that we must set this element to zero. Second, if we
multiply yz by m1y we get m1y
2z, which is also not among the basis vector blocks in (6.58).
On the other hand, from the Weierstass equation (6.13), it follows that
m1zy
2 = 4m1x
3 −m1g2xz2 −m1g3z3. (6.60)
Therefore, we get non-vanishing coefficients in the basis vector blocks x3, xz2 and z3. This
is the reason for the appearance of the entries 4m1,−m1g2,−m1g3 in (6.59). Third, the
matrix (6.59) depends not only on the vector bundle moduli but also on the moduli of the
underlying Calabi-Yau space contained in g2 and g3. Now, MIJ is a 44× 44 matrix so every
entry in (6.59) represents a matrix block of dimension (j− 1)× (i− 1) for the corresponding
j = 3, . . . , 10 and i = 5, 7, . . . , 11. We will not write the whole matrix but, rather, show
how to explicitly compute two blocks, one with and one without Calabi-Yau moduli. For
example, let us compute M11. This corresponds to the xz
2 − z2 component of (6.59) where
H1(dP9,OdP9(6σ|dP9 − 5F ))|b−5 m2→ H1(dP9,OdP9(9σ|dP9 − F ))|c−3. (6.61)
Note from (6.10) that
h1(dP9,OdP9(6σ|dP9 − F ))|b−5 = 4 (6.62)
and
h1(dP9,OdP9(9σ|dP9 − F ))|c−3 = 2. (6.63)
We now relate the data on dP9 to data on curve S. Using (6.48)-(6.51), we can identify
H1(dP9,OdP9(6σ|dP9 − F ))|b−5 = H0(S,OS(3))∗ (6.64)
and
H1(dP9,OdP9(9σ|dP9 − F ))|c−3 = H0(S,OS(1))∗. (6.65)
In terms of the two dimensional linear space (6.29), we see that
H1(dP9,OdP9(6σ|dP9 − 5F ))|b−5 = Sym3Vˆ ∗ (6.66)
and
H1(dP9,OdP9(9σ|dP9 − F ))|c−3 = Vˆ ∗. (6.67)
53
Similarly, it follows from (6.29) and (6.52) that m2 is an element in
H0(dP9,OdP9(3σ|dP9 + 4F ))|m2 = Sym3Vˆ . (6.68)
Now introduce the basis’ defined in (6.33), (6.34) and (6.35). Then
{u∗3, u∗2v∗, u∗v∗2, v∗3} ∈ Sym3Vˆ ∗ (6.69)
is a basis for Sym3Vˆ ∗ and
{u2, uv, v2} ∈ Sym2Vˆ . (6.70)
is a basis for Sym2Vˆ . Furthermore, any section m2 can be written as
m2 = λ1u
2 + λ2uv + λ3v
2, (6.71)
where λa, a = 1, 2, 3, represent the associated moduli. Using the multiplication rules (6.35),
we find that the explicit 2 × 4 matrix representation of m2 in this basis, that is, the M11
submatrix of MIJ , is given by


u∗3 u∗2v∗ uv∗2 v∗2
u∗ λ1 λ2 λ3 0
v∗ 0 λ1 λ2 λ3

. (6.72)
Let us now compute a matrix block containing Calabi-Yau moduli, for example, M31. This
corresponds to the xz2 − yz component of (6.59), where
H1(dP9,OdP9(6σ|dP9 − 5F ))|b−8 −m1g2→ H1(dP9,OdP9(9σ|dP9 − F ))|c−3. (6.73)
Note from (6.10) that
h1(dP9,OdP9(6σ|dP9 − 5F ))|b−8 = 7 (6.74)
and
h1(dP9,OdP9(9σ|dP9 − F ))|c−3 = 2. (6.75)
Using equations (6.48) and (6.50), we can identify
H1(dP9,OdP9(6σ|dP9 − 5F ))|b−8 = H0(S,OS(6))∗ = Sym6Vˆ ∗. (6.76)
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The basis for Sym6V ∗ is given by
{u∗6, u∗5v∗, u4∗v∗2, u∗3v∗3, u∗2v∗4, u∗v∗5, v∗6} ∈ Sym6Vˆ ∗. (6.77)
A section m1 is an element in
H0(dP9,OdP9(3σ|dP9 + 4F ))|m1 = H0(S,OS(1)) = Vˆ (6.78)
and can be written as
m1 = ρ1u+ ρ2v, (6.79)
where ρb, b = 1, 2, are the associated moduli. Recall from (6.16) that g2 is a section of
OdP9(4F ). Since
H0(dP9,OdP9(4F )) ≃ H0(S,OS(4)) (6.80)
we have
g2 = h1u
4 + h2u
3v + h3u
2v2 + h4uv
3 + h5v
4, (6.81)
where hd, d = 1, · · · , 5 are the associated Calabi-Yau moduli. Using the multiplication rules
(6.35), we find that the 2× 7 matrix representation of m1g2 is given by


u∗6 u∗5v∗ u∗4v∗2 u∗3v∗3 u∗2v∗4 u∗v∗5 v∗6
u∗ ρ1h1 ρ1h2 + ρ2h1 ρ1h3 + ρ2h2 ρ1h4 + ρ2h3 ρ1h5 + ρ2h4 ρ2h5 0
v∗ 0 ρ1h1 ρ1h2 + ρ2h1 ρ1h3 + ρ2h2 ρ1h4 + ρ2h3 ρ1h5 + ρ2h4 ρ2h5

.
(6.82)
Continuing in this manner, we can fill out the complete 44 × 44 matrix MIJ . Let us
parametrize the remaining sections m4 as
m4 = µ1u
4 + µ2u
3v + µ3u
2v2 + µ4uv
3 + µ5v
4, (6.83)
where µc, c = 1, · · · , 5 represent the associated moduli. Also parametrize
g3 = t1u
6 + t2u
5v + t3u
4v2 + t4u
3v3 + t5u
2v4 + t6uv
5 + t7v
6, (6.84)
where te, e = 1, · · · , 7 are the associated Calabi-Yau moduli. It is then straightforward to
compute the determinant ofMIJ using the programs Maple or MATHEMATICA. The result
is the following.
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• The determinant of fC is
detfC = detMIJ = 2
20Q11Q˜, (6.85)
where
Q = ρ1ρ2λ2 − λ1ρ22 − λ3ρ21 (6.86)
and
Q˜ = Q˜(λa, ρb, µc, hd) (6.87)
is a polynomial of degree 11 depending on all the vector bundle moduli λa, ρb, µc and on
the Calabi-Yau moduli hd but is independent of the Calabi-Yau moduli te. Polynomial
Q has a very complicated form and, hence, we present it in Appendix D.
Let us emphasize the main differences between this example and the previous one.
• In this example detfC contains two factors, one of them appearing with multiplicity
one. This is a very important difference since, later on, we will argue that the vector
bundle moduli superpotential precisely is equal to detfC .
• Unlike in the first example, the zero locus of detfC depends not just on vector bundle
moduli but also on some of the moduli of the underlying Calabi-Yau threefold.
We conclude this example by pointing out that detfC will vanish precisely on the union of
the zero loci of the homogeneous polynomials Q and Q˜. Globally, QQ˜ must be a holomorphic
section of some complex line bundle over P9. Therefore, there must exist a divisor DQQ˜ ⊂ P9
such that QQ˜ is a section of
OP9(DQQ˜) (6.88)
and vanishes on the co-dimension one submanifold DQQ˜ of P
9. This categorizes the space of
zeroes of the product QQ˜ and, hence, detfC . The exact eight-dimensional submanifold
DQQ˜ ⊂ PH0(S,OS(4)⊕OS(2)⊕OS(1)) (6.89)
can be determined by solving the equation QQ˜ = 0 using (6.86) and (11.1) from Appendix
D.
As a third example, consider
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Example 3 : Here we take
r = 2, n = 3, a > 5 (6.90)
and, hence, π∗S = P1 × T 2. The vector bundle on this surface is specified by
b− 2a = 3, λ = 3
2
. (6.91)
Recall from the previous section, that the cohomology exact sequence under consideration is
0→ H0(S, V |S(−1))→W3 fC→ W4 → H1(S, V |S(−1))→ 0, (6.92)
where
W3 = H
1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 3F )) (6.93)
and
W4 = H
1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 2F )). (6.94)
The relation of W3 and W4 to the cohomology groups on S is the following
W3 ≃ H1(S,
3⊕
i=1
OS(−3)) ≃ H0(S,
3⊕
1
OS(1))∗ (6.95)
and
W4 ≃ H1(S,
6⊕
i=1
OS(−2)) ≃ H0(S,
6⊕
i=1
OS)∗. (6.96)
The dimension of each of the linear spaces W3 and W4 is 6 and, hence, the linear map fC
can be represented by a 6×6 matrix. This matrix depends on the parameters of the spectral
cover restricted to P1 × T 2, that is, on the six homogeneous coordinates of the projective
space
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + F )) ≃ PH0(S,
3⊕
i=1
OS(1)) ≃ P5. (6.97)
An arbitrary element w˜3 ∈ H1(S,
⊕3
i=1OS(−3)) can be written as
w˜3 = B
(1)
−3 ⊕ B(2)−3 ⊕ B(3)−3 , (6.98)
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where B
(i)
−3, i = 1, 2, 3, are elements of the two-dimensional vector space H
1(S,OS(−3)).
Let b
(i)
−3 = π
∗B
(i)
−3 be the lift of B
(i)
−3. We can now write any element w3 ∈ H1(P1 ×
T 2,OP1×T 2(3σ|P1×T 2 − 3F )) as
w3 = b
(1)
−3z + b
(2)
−3x+ b
(3)
−3y. (6.99)
In a similar way, any element w4 ∈ H1(P1× T 2,OP1×T 2(6σ|P1×T 2 − 2F )) can be expressed as
w4 = c
(1)
−2z
2 + c
(2)
−2xz + c
(3)
−2yz + c
(4)
−2x
2 + c
(5)
−2xy + c
(6)
−2y
2, (6.100)
where for j = 1, . . . , 6, c
(j)
−2 = π
∗C
(j)
−2 are elements of the one-dimensional vector space H
1(P1×
T 2,OP1×T 2(−2F )) and C(j)−2 are elements ofH1(S,OS(−2)). We now need to express the map
fC in terms of the data on the curve S. By using (6.97), fC can be written as
fC = m1z +m2x+m3y, (6.101)
where mk = π
∗Mk, k = 1, 2, 3, are elements of H
0(P1 × T 2,OP1×T 2(F )) and Mk are el-
ements of the two-dimensional vector space H0(S,OS(1)). Although there are six pa-
rameters mk, they are homogeneous coordinates for the five-dimensional projective space
PH0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + F )).
Putting this all together, we can specify the linear mapping W3
fC→ W4. With respect
to fixed basis vectors of W3 and W4, the linear map fC is a 6 × 6 matrix. To find this
matrix, we have to study its action on these basis vectors. The action is generated through
multiplication by a section fC of the form (6.101). Suppressing, for the time being, the
vector coefficients b
(i)
−3 and c
(i)
−2, we see from (6.99) that the linear space W3 is spanned by
the following basis vector blocks
z, x, y (6.102)
whereas it follows from (6.100) that the linear space W4 is spanned by basis vector blocks
z2, xz, yz, x2, xy, y2. (6.103)
The explicit matrix MIJ is obtained by multiplying the basis vector blocks (6.102) by fC
in (6.101). Expanding the resulting vectors in W4 in the basis (6.103) yields the matrix. We
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find that MIJ is given by


z x y
z2 m1 0 0
xz m2 m1 0
yz m3 0 m1
x2 0 m2 0
xy 0 m3 m2
y2 0 0 m3


. (6.104)
The matrix MIJ is a 6 × 6 matrix, with every entry in (6.104) representing a matrix block
of dimension 1× 2. Let us, for example, find the z2 − z component of (6.104) where
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 3F ))|b(1)
−3
m1→ H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 2F ))|c(1)
−1
.
(6.105)
Now, we relate data on P1 × T 2 to data on the curve S. Using equations (6.93)-(6.96), we
can identify
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 3F ))|b(1)
−3
= H0(S,OS(1))∗ (6.106)
and
H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 2F ))|c(1)
−2
= H0(S,OS)∗. (6.107)
In terms of the two dimensional linear space (6.29), we see that
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 3F ))|b(1)
−3
= Vˆ ∗ (6.108)
and
H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 2F ))|c(1)
−2
= C. (6.109)
Similarly, it follows from (6.97) and (6.29) that m1 is an element of
H0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + F ))|m1 = Vˆ . (6.110)
Now consider the basis’ defined in (6.33), (6.34) and (6.35). Then, any section m1 can be
written as
m1 = ξ1u+ ξ2v, (6.111)
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where ξa, a = 1, 2, represent the associated moduli. Using the multiplication rules (6.35), we
find the explicit 1× 2 matrix representation of m1 in this basis, that is, the M11 submatrix
of MIJ is given by
(u∗ v∗
1 ξ1 ξ2
)
. (6.112)
Continuing in this way, we can construct the entire matrix MIJ . The answer is
MIJ =


ξ1 ξ2 0 0 0 0
τ1 τ2 ξ1 ξ2 0 0
ζ1 ζ2 0 0 ξ1 ξ2
0 0 τ1 τ2 0 0
0 0 ζ1 ζ2 τ1 τ2
0 0 0 0 ζ1 ζ2


, (6.113)
where we have used the following parametrization of m2 and m3 in terms of the moduli
τb, b = 1, 2, and ζc, c = 1, 2
m2 = τ1u+ τ2v,
m3 = ζ1u+ ζ2v. (6.114)
Surprisingly, the determinant of the matrix (6.113) turns out to be identically zero for all
values of the moduli. We conclude the following.
• The determinant of fC is given by
detfC = 0 (6.115)
for all values of the moduli.
Therefore, in this example, unlike in the previous two cases, detfC vanishes identically. Note
that the data (6.90) and (6.91) does not satisfy the first condition in (5.46). Therefore, in
the present example, the conditions (5.46) are not responsible for the vanishing of detfC .
As a fourth example, consider
60
Example 4 : Here we take
r = 2, n = 3, a > 5 (6.116)
and, hence, π∗S = P1 × T 2. The vector bundle on this surface is specified by
b− 2a = 4, λ = 3
2
. (6.117)
Recall from the previous section that the cohomology exact sequence under consideration
is
0→ H0(S, V |S(−1))→W5 fC→ W6 → H1(S, V |S(−1))→ 0, (6.118)
where
W5 = H
1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 5F )) (6.119)
and
W6 = H
1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 3F )). (6.120)
The relation of W5 and W6 to the cohomology groups on S is the following
W5 ≃ H1(S,
3⊕
i=1
OS(−5)) ≃ H0(S,
3⊕
1
OS(3))∗ (6.121)
and
W6 ≃ H1(S,
6⊕
i=1
OS(−3)) ≃ H0(S,
6⊕
i=1
OS(1))∗. (6.122)
The dimension of each of the linear spaces W5 and W6 is 12 and, hence, the linear map
fC can be represented by a 12 × 12 matrix. This matrix depends on the parameters of the
spectral cover restricted to P1 × T 2, that is, on the nine homogeneous coordinates of the
projective space
PH0(P1 × T 2,OP1T 2(3σ|P1×T 2 + 2F )) ≃ PH0(S,
3⊕
i=1
OS(2)) ≃ P8. (6.123)
An arbitrary element w˜5 ∈ H1(S,
⊕3
i=1OS(−5)) can be written as
w˜5 = B
(1)
−5 ⊕ B(2)−5 ⊕ B(3)−5 , (6.124)
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where B
(i)
−5, i = 1, 2, 3, are elements of the four-dimensional vector space H
1(S,OS(−5)).
Let b
(i)
−5 = π
∗B
(i)
−5 be the lift of B
(i)
−5. We can now write any element w5 ∈ H1(P1 ×
T 2,OP1×T 2(3σ|P1×T 2 − 5F )) as
w5 = b
(1)
−5z + b
(2)
−5x+ b
(3)
−5y. (6.125)
In a similar way, any element w6 ∈ H1(P1× T 2,OP1×T 2(6σ|P1×T 2 − 3F )) can be expressed as
w6 = c
(1)
−3z
2 + c
(2)
−3xz + c
(3)
−3yz + c
(4)
−3x
2 + c
(5)
−3xy + c
(6)
−3y
2, (6.126)
where for j = 1, . . . , 6, c
(j)
−3 = π
∗C
(j)
−3 are elements of the two-dimensional vector spaceH
1(P1×
T 2,OP1×T 2(−3F )) and C(j)−3 are elements ofH1(S,OS(−3)). We now need to express the map
fC in terms of the data on the curve S. By using (6.123), fC can be written as
fC = m1z +m2x+m3y, (6.127)
where mk = π
∗Mk, k = 1, 2, 3, are elements of H
0(P1×T 2,OP1×T 2(2F )) and Mk are elements
of the three-dimensional vector space H0(S,OS(2)). Although there are nine parameters
mk, they are homogeneous coordinates for the eight-dimensional projective space PH
0(P1×
T 2,OP1×T 2(3σ|P1×T 2 + 2F )).
Putting this all together, we can specify the linear mapping W5
fC→ W6. With respect
to fixed basis vectors of W5 and W6 the linear map fC is a 12 × 12 matrix. To find this
matrix, we have to study its action on these basis vectors. The action is generated through
multiplication by a section fC of the form (6.127). Suppressing, for the time being, the
vector coefficients b
(i)
−5 and c
(i)
−3 we see from (6.125) that the linear space W5 is spanned by
the following basis vector blocks
z, x, y (6.128)
whereas it follows from (6.126) that the linear space W6 is spanned by basis vector blocks
z2, xz, yz, x2, xy, y2. (6.129)
The explicit matrix MIJ is obtained by multiplying the basis vector blocks (6.128) by fC
in (6.127). Expanding the resulting vectors in W6 in the basis (6.129) yields the matrix. We
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find that MIJ is given by


z x y
z2 m1 0 0
xz m2 m1 0
yz m3 0 m1
x2 0 m2 0
xy 0 m3 m2
y2 0 0 m3


. (6.130)
The matrix MIJ is a 12× 12 matrix with every entry in (6.130) representing a matrix block
of dimension 2× 4. Let us, for example, find the z2 − z component of (6.130) where
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 5F ))|b(1)
−5
m1→ H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 3F ))|c(1)
−3
.
(6.131)
Now we relate data on P1 × T 2 to data on curve S. Using equations (6.119)-(6.122), we can
identify
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 5F ))|b(1)
−5
= H0(S,OS(3))∗ (6.132)
and
H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 3F ))|c(1)
−3
= H0(S,OS(1))∗. (6.133)
Defining the two dimensional linear space (6.29), we see that
H1(P1 × T 2,OP1×T 2(3σ|P1×T 2 − 5F ))|b(1)
−5
= Sym3Vˆ ∗ (6.134)
and
H1(P1 × T 2,OP1×T 2(6σ|P1×T 2 − 3F ))|c(1)
−3
= Vˆ ∗. (6.135)
Similarly, it follows from (6.123), (6.29) that m1 is an element of
H0(P1 × T 2,OP1×T 2(3σ|P1×T 2 + 2F ))|m1 = Sym2Vˆ . (6.136)
Now consider the basis’ defined in (6.33), (6.34) and (6.35). Then
{u∗3, u∗2v∗, u∗v∗2, v∗3} ∈ Sym3Vˆ ∗ (6.137)
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is a basis for Sym3Vˆ ∗ and
{u2, uv, v2} ∈ Sym2Vˆ . (6.138)
Furthermore, any section m1 can be written as
m1 = α1u
2 + α2uv + α3v
2, (6.139)
where αa, a = 1, 2, 3, represent the associated moduli. Using the multiplication rules (6.35),
we can find the explicit 2 × 4 matrix representation of m1 in this basis, that is, the M11
submatrix of MIJ . It is given by


u∗3 u∗2v∗ u∗v∗2 v∗3
u∗ α1 α2 α3 0
v∗ 0 α1 α2 α3

. (6.140)
Continuing in this way, we can construct the entire matrix MIJ . The answer is
MIJ =


α1 α2 α3 0 0 0 0 0 0 0 0 0
0 α1 α2 α3 0 0 0 0 0 0 0 0
β1 β2 β3 0 α1 α2 α3 0 0 0 0 0
0 β1 β2 β3 0 α1 α2 α3 0 0 0 0
γ1 γ2 γ3 0 0 0 0 0 α1 α2 α3 0
0 γ1 γ2 γ3 0 0 0 0 0 α1 α2 α3
0 0 0 0 β1 β2 β3 0 0 0 0 0
0 0 0 0 0 β1 β2 β3 0 0 0 0
0 0 0 0 γ1 γ2 γ3 0 β1 β2 β3 0
0 0 0 0 0 γ1 γ2 γ3 0 β1 β2 β3
0 0 0 0 0 0 0 0 γ1 γ2 γ3 0
0 0 0 0 0 0 0 0 0 γ1 γ2 γ3


. (6.141)
where we have used the following parametrization of m2 and m3 in terms of the moduli
βb, b = 1, 2, 3, and γc, c = 1, 2, 3
m2 = β1u
2 + β2uv + β3v
2,
m3 = γ1u
2 + γ2uv + γ3v
2. (6.142)
We now can compute the determinant and find the following.
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• The determinant of the matrix MIJ is given by
detfC = −R4, (6.143)
where
R = α1β2γ3 − α1β3γ2 + α2β3γ1 − α2β1γ3 + α3β1γ2 − α3β2γ1. (6.144)
We conclude this example by pointing out that detfC will vanish precisely on the zero
locus of the homogeneous polynomial R. Globally, R must be a holomorphic section of some
complex line bundle over P8. Therefore, there must exist a divisor DR ⊂ P8 such that R is
a section of
OP8(DR) (6.145)
and vanishes on the co-dimension one submanifold DR of P
8. This categorizes the zeroes of
R and, hence, detfC . The exact co-dimension one submanifold
DR ⊂ PH0(S,OS(2)⊕OS(2)⊕OS(2)) (6.146)
can be determined by solving the equation R = 0 using (6.144).
7 Expressions for the Superpotential:
In the previous section, we computed, for several non-trivial examples, the explicit expres-
sions for detfC in terms of the associated vector bundle moduli. In each case, h
0(z, V |z(−1))
will be non-zero and, hence, the Pfaffian will vanish if and only if
detfC = 0. (7.1)
In special cases, such as those described by conditions (5.46) or Example 3, detfC may vanish
everywhere in moduli space. In these cases, the conclusions are straightforward. The Pfaffian
and, hence, the superpotential W vanish for all values of the moduli. That is,
W = 0. (7.2)
Generically, however, detfC will not vanish, as was shown explicitly in Examples 2, 1 and
4. However, even in this case, there will always be a divisor D of the vector bundle mod-
uli space where (7.1) is satisfied. For Examples 2, 1 and 4, this divisor is given in equa-
tions (6.44), (6.89) and (6.146) respectively. Therefore, on D, detfC and, hence, the Pfaffian
vanish. This will allow us to explicitly compute the Pfaffian.
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To proceed, note that the Pfaffian of the chiral Dirac operator in 8k + 2 dimensions also
represents a global section of a line bundle over the space of parameters (see [35] for a review).
That it is a section, rather than a function, is a reflection of the fact that the Pfaffian is not
gauge invariant. In our case, it is a global section of a line bundle over PN . Any global section
of a line bundle over PN is known to be a homogeneous polynomial. This means that the
Pfaffian must be a polynomial. Furthemore, we have shown that this polynomial vanishes
precisely along the same zero locus as detfC . Therefore, since P
N is compact, the Pfaffian
and detfC must be equal to each other up to a possible power. One can define a purely
algebraic analogue of Pfaff(D−). A more careful analysis of our argument shows that, quite
generically, the algebraic version of Pfaff(D−) equals detfC , up to a constant. Furthermore,
it was shown in [36, 37, 38] that the algebraic and analytic notions of Pfaff(D−) agree.
Therefore,
Pfaff(D−) ∝ detfC . (7.3)
One can now present the final answer for the vector bundle moduli contribution to the non-
perturbative superpotential. Since the superpotential is proportional to the Pfaffian, we
conclude that
W ∝ detfC . (7.4)
Let us now illustrate this explicitly for the three examples considered above. The ordering
of the examples will be the same as in the previous subsection.
Example 2 : In this example, detfC is a polynomial of degree 20, so it is a global section
of the line bundle of degree 20 over P12.
• The superpotential equals
W ∝ P4, (7.5)
where
P = χ21χ3φ23 − χ21χ2φ3φ4 − 2χ1χ23φ3φ1 −
χ1χ2χ3φ3φ2 + χ
2
2χ3φ1φ3 + φ
2
4χ
3
1 −
2φ2φ4χ3χ
2
1 + χ1χ
2
3φ
2
2 + 3φ1φ4χ1χ2χ3 +
φ2χ1φ4χ
2
2 + φ
2
1χ
3
3 − φ2χ2φ1χ23 − φ4φ1χ32. (7.6)
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Note thatW depends on only seven of the thirteen projective vector bundle moduli which
parameterize P12.
Example 1 : In this example, detfC is a polynomial of degree 44 on the projective space
P
9.
• The superpotential is given by
W ∝ Q11Q˜, (7.7)
where
Q = ρ1ρ2λ2 − λ1ρ22 − λ3ρ21 (7.8)
and Q˜ = Q˜(λa, ρb, µc, hd) is given in the Appendix D.
Note that the superpotential depends on all ten projective vector bundle moduli which
parameterize P9 and, in addition, contains non-trivial interactions between vector bundle
moduli and some moduli of the underlying Calabi-Yau space.
Example 4 : In this example, detfC is a polynomial of degree 12 depending on nine homo-
geneous variables and, therefore, it is a global section of the line bundle of degree 12 over
P8.
• The superpotential is
W ∝ R4, (7.9)
where
R = α1β2γ3 − α1β3γ2 + α2β3γ1 − α2β1γ3 + α3β1γ2 − α3β2γ1. (7.10)
Note that W depends on all nine projective vector bundle moduli which parameterize
P8. As in Example 2, W is given by a perfect power of a polynomial.
8 Appendix A: Evaluation of
∫ Dge−SWZW0
In this Appendix we will evaluate the path integral∫
Dge−SWZW0 , (8.1)
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where
SWZW0 = − 1
8π
∫
z
dσ0dσ1tr[
1
2
√
hhij(ωi −Ai)(ωj − Aj) + iǫijωiAj)]
+
1
24
∫
B
d3σˆiǫiˆjˆkˆtrω′
kˆ
ω′
jˆ
ω′
iˆ
, (8.2)
the Lie algebra valued one form ω is given by
ω = g−1dg (8.3)
and Ai is the pullback of the Hermitian connection on the Calabi-Yau threefold X to the
holomorphic curve z. If we introduce the complex coordinates on z
σ = σ0 + iσ1, σ¯ = σ0 − iσ1, (8.4)
the action SWZW0 can be written as
SWZW0 = S(g) +
1
4π
∫
z
d2σtrωσ¯Aσ − 1
8π
∫
z
d2σtrAσ¯Aσ, (8.5)
where
d2σ = dσdσ¯ (8.6)
and
S(g) = − 1
8π
∫
z
d2σtr(g−1∂σg)(g
−1∂σ¯g) +
1
24π
∫
B
d3σˆiǫiˆjˆkˆtr(g′−1∂kˆg
′)(g′−1∂jˆg
′)(g′−1∂iˆg
′)
(8.7)
is the WZW action with zero background gauge field. Since Ai is a connection on a holo-
morphic vector bundle and, hence, satisfies the Hermitian Yang-Mills equations, in any
neighborhood U ⊂ z it is of the form
Aσ = ∂σa · a−1, Aσ¯ = ∂σ¯a†−1 · a†, (8.8)
where a is a map from U to the complexification of the structure group G. Using (8.8) and
the Polyakov-Wiegmann identity [39]
S(a1a2) = S(a1) + S(a2) +
1
4π
∫
z
d2σtr(a−11 ∂σ¯a1)(a2∂σa
−1
2 ), (8.9)
the action (8.5) can be re-written as
SWZW0 = S(ga)− S(a)− 1
8π
∫
z
d2σ(∂σa · a−1)(∂σ¯a†−1 · a†). (8.10)
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It is now easy to evaluate the integral (8.1). Since Dg is the right-invariant group measure,
the integral ∫
Dge−S(ga) (8.11)
is a constant, independent of a and, hence, of the vector bundle moduli. Therefore, we have
the following result for the integral (8.1)∫
Dge−SWZW0 ∝ exp
(
S(a) +
1
8π
∫
z
d2σtr(∂σa · a−1)(∂σ¯a†−1 · a†)
)
, (8.12)
where the functional S is defined in (8.7) with g replaced by a and the relation between a
and the gauge connection A is given in (8.8). Note that the result is expressed in terms of
a rather than the gauge connection A. It does not appear to be possible to present (8.12)
soley in terms of the gauge connection. Also, note that a is globally defined since A is.
Equation (8.12) represents the general formula for the vector bundle moduli superpoten-
tial and, also, for the Pfaffian of the chiral Dirac operator twisted by a holomorphic vector
bundle whose structure group is contained in SO(16)× SO(16). To find the explicit result,
one has to find an exact solution of the Hermitian Yang-Mills equations on a Calabi-Yau
threefold together with the integration constants, pull it back to the curve z and perform the
integration over the curve. As we discussed in Section 2, this procedure is problematic since
no solutions of the Hermitian Yang-Mills equations on a Calabi-Yau threefold are known.
It is straightforward to check that the expression in the exponent in (8.12) transforms
under a gauge transformation with parameter ǫ as
− i
8π
∫
z
d2σtr(ǫdA). (8.13)
This anomaly is cancelled by the variation of the B-field [5]
δB =
1
8π
tr(ǫdA), (8.14)
leaving the superpotential (2.17) gauge invariant.1 Note that expression (8.13) precisely
equals the anomaly of the square root of the chiral Dirac operator.
9 Appendix B: Spectral Data and SU(n) Vector Bun-
dles
1The coefficients in (8.13) and (8.14) are different from those in [5] since we are following the conventions
of [6, 7] for the normalization of the Wess-Zumino-Witten term.
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9.1 Elliptically Fibered Calabi-Yau Threefolds:
In this Appendix, we will consider Calabi–Yau threefolds, X , that are structured as elliptic
curves fibered over a base surface, B. We denote the natural projection as π : X → B and
by σ : B → X the analytic map that defines the zero section.
A simple representation of an elliptic curve is given in the projective space CP2 by the
Weierstrass equation
zy2 = 4x3 − g2xz2 − g3z3, (9.1)
where (x, y, z) are the homogeneous coordinates of CP2 and g2, g3 are constants. This same
equation can represent the elliptic fibration, X , if the coefficients g2, g3 in the Weierstrass
equation are functions over the base surface, B. The correct way to express this globally is
to replace the projective plane CP2 by a CP2-bundle P → B and then require that g2, g3 be
sections of appropriate line bundles over the base. If we denote the conormal bundle to the
zero section σ(B) by L, then P = P(OB ⊕L2⊕L3), where P stands for the projectivization
of the vector bundle. There is a hyperplane line bundle OP (1) on P which corresponds to
the divisor P(L2⊕L3) ⊂ P and the coordinates x, y, z are sections of OP (1)⊗L2,OP (1)⊗L3
and OP (1) respectively. It then follows from (9.1) that the coefficients g2 and g3 are sections
of L4 and L6.
It is useful to define new coordinates, X,Y,Z on X by x = XZ, y = Y and z = Z3. It
follows that X,Y,Z are now sections of line bundles
X ∼ OX(2σ)⊗L2, Y ∼ OX(3σ)⊗ L3, Z ∼ OX(σ) (9.2)
respectively, where we use the fact that OX(3σ) = OP (1)|X. The coefficients g2 and g3
remain sections of line bundles
g2 ∼ L4, g3 ∼ L6. (9.3)
The symbol “∼” simply means “section of”.
The requirement that elliptically fibered threefold, X , be a Calabi–Yau space constrains
the first Chern class of the tangent bundle, TX , to vanish. That is,
c1(TX) = 0. (9.4)
It follows from this that
L = K−1B , (9.5)
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where KB is the canonical bundle on the base, B. Condition (9.5) is rather strong and
restricts the allowed base spaces of an elliptically fibered Calabi–Yau threefold to be del
Pezzo, Hirzebruch and Enriques surfaces, as well as certain blow–ups of Hirzebruch surfaces
[40]. The definitions and properties of these surfaces have been reviewed in [16]. In this
paper, we will primarily be concerned with the case
B = Fr (9.6)
where r is any non-negative integer. Recall from [16] that the homology group H2(Fr,Z) has
as a basis of effective classes S and E with the intersection numbers
S2 = −r, S · E = 1, E2 = 0 (9.7)
and that the Chern classes are given by
c1(Fr) = 2S + (r + 2)E , c2(Fr) = 4. (9.8)
Spectral cover Description of SU(n) Vector Bundles:
As discussed in [34, 41], SU(n) vector bundles over an elliptically fibered Calabi–Yau three-
fold can be explicitly constructed from two mathematical objects, a divisor C of X , called the
spectral cover, and a line bundle N on C. In this paper, we will consider only stable SU(n)
vector bundles constructed from irreducible spectral covers. In addition, we will impose the
condition that the spectral cover be a “positive” divisor.
Spectral Cover
A spectral cover, C, is a surface in X that is an n-fold cover of the base B. That is,
πC : C → B. The general form for a spectral cover is given by
C = nσ + π∗η, (9.9)
where σ is the zero section and η is some curve in the base B. The terms in (9.9) can be
considered either as elements of the homology group H4(X,Z) or, by Poincare duality, as
elements of cohomology H2(X,Z).
In terms of the coordinates X, Y, Z introduced above, it can be shown that the spectral
cover can be represented as the zero set of the polynomial
s = a0Z
n + a2XZ
n−2 + a3YZ
n−3 + . . .+ anX
n
2 (9.10)
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for n even and ending in anX
n−3
2 Y if n is odd, along with the relations (9.2). This tells us
that the polynomial s must be a holomorphic section of the line bundle of the spectral cover,
OX(C). That is,
s ∼ OX(nσ + π∗η). (9.11)
It follows from this and equation (9.2), that the coefficients ai in the polynomial s must be
sections of the line bundles
ai ∼ π∗KiB ⊗OX(π∗η) (9.12)
for i = 1, . . . , n where we have used expression (9.5).
In order to describe vector bundles most simply, there are two properties that we require
the spectral cover to possess. The first, which is shared by all spectral covers, is that
• C must be an effective class in H4(X,Z).
This property is simply an expression of the fact the spectral cover must be an actual surface
in X . It can easily be shown that
C ⊂ X is effective ⇐⇒ η is an effective class in H2(B,Z). (9.13)
The second property that we require for the spectral cover is that
• C is an irreducible surface.
This condition is imposed because it guarantees that the associated vector bundle is stable.
In this paper, we require a third condition on the spectral cover, namely that
• C is positive.
This condition is imposed because it allows one to use the Kodaira vanishing theorem and
the Lefschetz theorem when evaluating the number of vector bundle moduli. These theorems
greatly simplify this calculation. By definition, C is positive (or ample) if and only if the
first Chern class of the associated line bundle OX(C) is a positive class in H2DR(X,R). An
equivalent definition of positive is the following. C is a positive divisor if and only if
C · c > 0 (9.14)
for every effective curve c in X .
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In order to make these concepts more concrete, we take the base surface to be
B = Fr (9.15)
and write the conditions under which the three properties stated above are satisfied. Then,
in general, C is given by expression (9.9) where
η = aS + bE (9.16)
and a,b are integers. One can easily check that η is an effective class in Fr and, hence, that
C is an effective class in X , if and only if
a ≥ 0, b ≥ 0. (9.17)
It was shown in [22] that C is irreducible if and only if
b ≥ ar (9.18)
and
a ≥ 2n, b ≥ n(r + 2). (9.19)
Finally, it was shown in [11] using expressions (9.7) and (9.8) that spectral cover C will be
positive if and only if
a > 2n, b > ar − n(r − 2). (9.20)
The Line Bundle N
As discussed in [34, 41], in addition to the spectral cover it is necessary to specify a line
bundle, N , over C. For SU(n) vector bundles, this line bundle must be a restriction of a
global line bundle on X (which we will again denote by N ), satisfying the condition
c1(N ) = n(1
2
+ λ)σ + (
1
2
− λ)π∗η + (1
2
+ nλ)π∗c1(B), (9.21)
where c1(N ), c1(B) are the first Chern classes of N and B respectively and λ is, a priori, a
rational number. Since c1(N ) must be an integer class, it follows that either
n is odd, λ = m+
1
2
(9.22)
or
n is even, λ = m, η = c1(B) mod 2, (9.23)
where m ∈ Z.
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SU(n) Vector Bundle
Given a spectral cover, C, and a line bundle, N , satisfying the above properties, one can
now uniquely construct an SU(n) vector bundle, V . This can be accomplished in two ways.
First, as discussed in [41], the vector bundle can be directly constructed using the associated
Poincare bundle, P. The result is that
V = π1∗(π
∗
2N ⊗ P), (9.24)
where π1 and π2 are the two projections of the fiber product X ×B C onto the two factors
X and C. We refer the reader to [41, 42] for a detailed discussion. Equivalently, V can be
constructed directly from C and N using the Fourier-Mukai transformation, as discussed in
[34, 41]. Both of these constructions work in reverse, yielding the spectral data (C,N ) up to
the overall factor of KB given the vector bundle V . Throughout this paper we will indicate
this relationship between the spectral data and the vector bundle by writing
(C,N )←→ V. (9.25)
The Chern classes for the SU(n) vector bundle V have been computed in [34] and [42, 43].
The results are
c1(V ) = 0 (9.26)
since trF = 0 for the structure group SU(n),
c2(V ) = π
∗η · σ − 1
24
π∗c1(B)
2(n3 − n) + 1
2
(λ2 − 1
4
)nπ∗(η · (η − nc1(B))) (9.27)
and
c3(V ) = 2λσ · π∗(η · (η − nc1(B))). (9.28)
Finally, we note that it was shown in [42] that
Ngen =
c3(V )
2
(9.29)
gives the number of quark and lepton generations.
10 Appendix C: The Direct Image π∗Oπ∗S(Aσ|π∗S + fF )
The goal of this Appendix is to show how to find the direct image of the line bundle
Opi∗S(Aσ|pi∗S + fF ), A > 0 (10.1)
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on the curve S ⊂ Fr used throughout the paper.
First, note that
Opi∗S(Aσ|pi∗S + fF ) = Opi∗S(Aσ|pi∗S)⊗Opi∗S(fF ) = Opi∗S(Aσ|pi∗S)⊗ π∗OS(f). (10.2)
From the projection formula
π∗(F ⊗ π∗G) = (π∗F)⊗ G (10.3)
for arbitrary bundles F and G, it follows that
π∗Opi∗S(Aσ|pi∗S + fF ) = π∗Opi∗S(Aσ|pi∗S)⊗OS(f). (10.4)
This implies that it is enough to find π∗Opi∗S(Aσ|pi∗S), which can be done by induction. To
begin with, consider the short exact sequence
0→ Opi∗S → Opi∗S(σ|pi∗S)→ Opi∗S(σ|pi∗S)|σ|pi∗S → 0. (10.5)
The inclusion
Opi∗S →֒ Opi∗S(σ|pi∗S) (10.6)
induces a sheaf map
i : π∗Opi∗S →֒ π∗Opi∗S(σ|pi∗S). (10.7)
For each point p ∈ S, consider a map
ip : H
0(Fp,OFp)→ H0(Fp,OFp((σ|pi∗S)|Fp)), (10.8)
where Fp is the elliptic fiber above the point p. Since σ|pi∗S intersects F at one point, it
follows that the degree of the line bundle OFp((σ|pi∗S)|Fp) is one and, hence, it has a unique
global holomorphic section. Therefore, the map ip is an isomorphism, so
π∗Opi∗S(σ|pi∗S) ≃ π∗Opi∗S ≃ OS . (10.9)
Thus, we have found the direct image of the line bundle Opi∗S(Aσ|pi∗S) for A = 1. Now,
consider the sequence
0→ Opi∗S(σ|pi∗S)→ Opi∗S(2σ|pi∗S)→ Opi∗S(2σ|pi∗S)|σ|pi∗S → 0 (10.10)
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and take its direct image, remembering that the direct image of the first term was already
found in (10.9). By using the facts that the last term in the sequence can be written
as π∗OS(2σ|pi∗S · σ|pi∗S)|σ|pi∗S and all higher direct images vanish by the Kodaira vanishing
theorem, we obtain
0→ OS → π∗Opi∗S(2σ|pi∗S)→ OS(2(r − 2))→ 0, (10.11)
where the intersection property [11]
σ|pi∗S · σ|pi∗S = −(2− r) (10.12)
has been used. Since the extention group
Ext(OS(2(r − 2)),OS) ≃ H1(S,OS(2(r − 2))∗ ⊗OS) ≃ H0(S,OS(2r − 6))∗ (10.13)
vanishes for r = 0, 1, 2, we have
π∗Opi∗S(2σ|pi∗S) ≃ OS ⊕OS(2(r − 2)). (10.14)
Therefore, we have found the direct image of the line bundle π∗Opi∗S(Aσ|pi∗S) for A = 2.
Continuing this way we obtain
π∗Opi∗S(Aσ|pi∗S) ≃ OS ⊕
A⊕
i=2
OS(i(r − 2)) (10.15)
for arbitrary A ≥ 1. Tensoring with OS(f), we get
π∗Opi∗S(Aσ|pi∗S + fF ) ≃ OS(f)⊕
A⊕
i=2
OS(f + i(r − 2)) (10.16)
for arbitrary A ≥ 1.
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11 Appendix D: The Polynomial Q˜
Here, we give the expression for the polynomial Q˜ that arises in Example 2 of Section 5. We
found that
Q˜ = 48µ21λ2ρ82 − 48µ25ρ81λ2 − 2µ2ρ61λ43 + 2µ4ρ62λ41 − h2ρ82λ31 + h4ρ81λ33 − 24µ3µ2ρ31λ2ρ52 −
72µ3µ2ρ
2
1ρ
6
2λ1 + 120µ3µ2ρ
4
1λ3ρ
4
2 + 96µ5µ1ρ
3
1ρ
5
2λ1 − 96µ5µ1ρ51λ3ρ32 + 48µ3µ1ρ1ρ72λ1 +
48µ3µ1ρ
2
1λ2ρ
6
2 − 144µ3µ1ρ31λ3ρ52 − 72µ4µ1ρ21ρ62λ1 − 24µ4µ1ρ31λ2ρ52 + 120µ4µ1ρ41λ3ρ42 −
120µ4µ3ρ
4
1ρ
4
2λ1 + 24µ4µ3ρ
5
1λ2ρ
3
2 + 72µ4µ3ρ
6
1λ3ρ
2
2 − 168µ5µ4ρ61ρ22λ1 + 72µ5µ4ρ71λ2ρ2 +
24µ5µ4ρ
8
1λ3 − 48µ5µ3ρ71λ3ρ2 − 48µ5µ3ρ61λ2ρ22 + 144µ5µ3ρ51ρ32λ1 − 2h5ρ61λ32ρ22 +
72µ5µ2ρ
6
1λ3ρ
2
2 − 12h5λ1ρ61λ2λ3ρ22 + 4h5ρ31ρ52λ31 + 24µ5µ2ρ51λ2ρ32 − 24µ2µ1ρ82λ1 −
120µ5µ2ρ
4
1ρ
4
2λ1 − 2h5ρ81λ23λ2 − 3h4ρ21ρ62λ31 − 72µ2µ1λ2ρ1ρ72 + 8h5λ21ρ51λ3ρ32 −
10h5λ
2
1ρ
4
1λ2ρ
4
2 − 96µ4µ2ρ51λ3ρ32 + 96µ4µ2ρ31ρ52λ1 + 168µ2µ1ρ21λ3ρ62 + h4ρ51λ32ρ32 +
2h3ρ1ρ
7
2λ
3
1 − 2h3ρ71λ33ρ2 − 5h4λ21ρ41λ3ρ42 + 7h4λ21ρ31λ2ρ52 + 4h5ρ71λ3λ22ρ2 +
4h5λ1ρ
7
1λ
2
3ρ2 + 8h5λ1ρ
5
1λ
2
2ρ
3
2 − 2h3ρ51λ3λ22ρ32 − 2h3λ1ρ51λ23ρ32 + 6h4λ1ρ51λ2λ3ρ32 +
2h3λ1ρ
3
1λ
2
2ρ
5
2 + 2h3λ
2
1ρ
3
1λ3ρ
5
2 − 4h3λ21ρ21λ2ρ62 − h4ρ71λ23λ2ρ2 − h4ρ61λ3λ22ρ22 −
h4λ1ρ
6
1λ
2
3ρ
2
2 − 5h4λ1ρ41λ22ρ42 + 2h1ρ21λ32ρ62 + 2h1λ21λ2ρ82 + 3h2ρ61λ33ρ22 −
h2ρ
3
1λ
3
2ρ
5
2 + 4h3ρ
6
1λ
2
3λ2ρ
2
2 − 4h1ρ51λ33ρ32 + 5h2λ1ρ41λ23ρ42 + h2λ1ρ21λ22ρ62 +
h2λ
2
1ρ
2
1λ3ρ
6
2 + h2λ
2
1λ2ρ1ρ
7
2 − 6h2λ1ρ31λ2λ3ρ52 − 2µ5ρ51λ42ρ2 − 2µ3λ31λ2ρ62 −
2µ4ρ
6
1λ
2
3λ
2
2 + 2µ5ρ
6
1λ3λ
3
2 − 8µ5ρ1ρ52λ41 + 5h2ρ41λ3λ22ρ42 + 2µ3ρ61λ33λ2 −
8h1ρ
3
1λ3λ
2
2ρ
5
2 − 8h1λ1ρ31λ23ρ52 − 4µ5λ1ρ51λ3λ22ρ2 − 4h1λ1λ22ρ1ρ72 − 4h1λ21ρ1λ3ρ72 +
12h1λ1ρ
2
1λ3λ2ρ
6
2 − 7h2ρ51λ23λ2ρ32 + 2µ4λ1ρ61λ33 − 10µ4λ1ρ41λ3λ22ρ22 + 20µ5ρ21λ2ρ42λ31 +
20µ4λ
2
1ρ
3
1λ2λ3ρ
3
2 + 10h1ρ
4
1λ
2
3λ2ρ
4
2 − 2µ2λ3ρ62λ31 + 2µ2λ21λ22ρ62 + 2µ3λ21λ22ρ1ρ52 +
8µ3λ
3
1ρ1λ3ρ
5
2 − 2µ1λ1λ32ρ62 + 10µ3λ1ρ41λ23λ2ρ22 + 2µ4ρ51λ3λ32ρ2 − 10µ4λ21ρ41λ23ρ22 −
10µ4λ
3
1ρ
2
1λ3ρ
4
2 − 10µ3λ21ρ21λ3λ2ρ42 − 2µ4λ31λ2ρ1ρ52 − 4µ5λ1ρ61λ23λ2 + 6µ4λ1ρ51λ23λ2ρ2 +
10µ5λ1ρ
4
1λ
3
2ρ
2
2 + 8µ5λ
2
1ρ
5
1λ
2
3ρ2 − 20µ5λ21ρ31λ22ρ32 + 2µ1ρ1λ42ρ52 + 8µ1ρ51λ43ρ2 −
6µ2λ
2
1ρ1λ2λ3ρ
5
2 − 2µ3ρ51λ23λ22ρ2 − 8µ3λ1ρ51λ33ρ2 + 96µ25ρ71ρ2λ1 + 10µ2λ21ρ21λ23ρ42 +
72µ24ρ
5
1ρ
3
2λ1 − 24µ24ρ71λ3ρ2 + 4µ1λ21λ2λ3ρ62 + 2µ2ρ51λ2λ33ρ2 + 10µ2λ1ρ21λ22λ3ρ42 +
10µ2λ1ρ
4
1λ
3
3ρ
2
2 − 2µ2λ1ρ1λ32ρ52 − 8µ1λ21ρ1λ23ρ52 − 20µ2λ1ρ31λ23λ2ρ32 + 24µ22ρ1ρ72λ1 +
20µ1ρ
3
1λ
2
2λ
2
3ρ
3
2 − 10µ1ρ21λ32λ3ρ42 + 24µ22ρ21λ2ρ62 − 72µ22ρ31λ3ρ52 + 48µ23ρ31ρ52λ1 −
24µ24ρ
6
1λ2ρ
2
2 − 96µ21ρ1λ3ρ72 − 20µ1ρ41λ2λ33ρ22 − 48µ23ρ51λ3ρ32 + 4µ1λ1ρ1λ22λ3ρ52. (11.1)
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